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Arithmetic Cohomology Groups 

K. Sugahara and L. Weng 


Abstract 

We first introduce global arithmetic cohomology groups for quasi- 
coherent sheaves on arithmetic varieties, adopting an adelic approach. 
Then, we establish fundamental properties, such as topological duality 
and inductive long exact sequences, for these cohomology groups on arith¬ 
metic surfaces. Finally, we expose basic structures for ind-pro topologies 
on adelic spaces of arithmetic surfaces. In particular, we show that these 
adelic spaces are topologically self-dual. 
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Introduction 

In the study of arithmetic varieties, cohomology theory has been developed 
along with the line of establishing an intrinsic relation between arithmetic Euler 
characteristics and arithmetic intersections. For examples, for an arithmetic 
curve SpecO_F associated to the integer ring Op oi a, number held F with 
discriminant lS.p and a metrized vector sheaf E on it, we have the Arakelov- 
Riemann-Roch formula 


Xar(E,A) = deg,,, (A)- - —loglA^I; 

And, for a regular arithmetic surface tt : A —^ Spec Op and a metrized line sheaf 
L on it, if we equip with Xao a Kahler metric, and line sheaves \{C) and \{Ox) 
with the Quillen metrics, namely, equip determinants of relative cohomology 
groups with determinants of L^-metrics modihed by analytic torsions, then we 
have the Faltings-Deligne-Riemann-Roch isometry 

® ^ (A ®^r')); 

More generally, for higher dimensional arithmetic varieties, we have the works 
of (Bismut-)Gillet-Soule. 

In this paper, we start to develop a genuine cohomology theory for arith¬ 
metic varieties, as a continuation of the works of Parshin ([PI,2]), Beilinson 
([B]), Osipov-Parshin ([OP]), and our own study ([W]). Our aims here are to 
construct arithmetic cohomology groups i/*, for quasi-coherent sheaves on arith¬ 
metic varieties, and to establish topological dualities among these cohomology 
groups for arithmetic surfaces. 

The approach we take in this paper is an adelic one. Here, we use three main 
ideas form the literatures. Namely, the first one of adelic complexes initiated in 
the classical works [PI,2] and [B], (see also [H]), which is recalled in §1.1 and used 
in §1.2 systematically; the second one of ind-pro structures over adelic spaces 
from [OP], which is recalled in §1.2.1 and motivates our general constructions in 
§1.2.2; and the final one on the uniformity structure between finite and infinite 
adeles from [W], which is recalled in §1.2.4 and plays an essential role in §1.2.3 
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when we construct our adelic spaces. In particular, we are able to introduce 
arithmetic adelic complexes {Al^{X,T),d*) for quasi-coherent sheaves T over 
arithmetic varieties X, and hence are able to define their associated arithmetic 
cohomology groups Hl^{X, X) := T),d*). Consequently, we have the 

following 

Theorem I. Let X be an arithmetic variety and X be a quasi-coherent sheaf 
on X, then there exist a natural arithmetic adelic complex {A*^{X,iF),d*) and 
hence arithmetic cohomology groups Hl^{X,T) := H'^{A*^{X,iF),d*). In par¬ 
ticular, Hl,.{X,iF) = 0 unless i = 0,1,... ,dimXar. 

To understand this general cohomology theory in down-to-earth terms, in 
section two, we develop a much more refined cohomology theory for Weil divisors 
D over arithmetic surfaces X. This, in addition, is based on a basic theory 
for canonical ind-pro topologies over arithmetic adelic spaces. Recall that, by 
definition, 

A3J := A3,^(Ox) ^ lim lim A^l,,iD)/A^l,^{E). 

—yu i—hi 
E<D 

Here A"]^ 2 (-D) is one of the level two subspaces of A^ introduced in §2.3.1. 
Moreover, for divisors E < D, A^ i 2 iE) are locally compact. Thus, 

using first projective then inductive limits, we obtain a canonical ind-pro topol¬ 
ogy on A^. In particular, we have the following natural generalization of topo¬ 
logical theory for one dimensional adeles (see e.g., [Iw], [T]) to dimension two. 

Theorem II. Let X be an arithmetic surface. With respect to the canonical 
ind-pro topology on A“, we have 

(1) A^ is a Hausdorjf, complete, and compact oriented topological group; 

(2) A^ is self-dual. That is, as topological groups. 



With these basic topological structures exposed, next we apply them to our 
cohomology groups. For this, we first recall an arithmetic residue theory in 
§2.1, by adopting a very precise approach of Morrow [Ml,2], a special case of a 
general theory on residues of Grothendieck (see e.g., [L], [B] and [Y]). Then, we 
introduce a global pairing (•, •)^ in §2.2 on the arithmetic adelic space A^, and 
prove the following 

Proposition A. Let X be an arithmetic surface and uj be a non-zero rational 
differential on X. Then, the natural residue pairing (•, •)a; : A“ x A^ —)■ is 
non-degenerate. 

Moreover, we construct the so-called level two adelic subspaces A^ on 02 
and A^j 2 (-D) of A^^ in §2.3.1. Accordingly, we calculate their perpendicular 
subspaces with respect to our global residue pairing. 

Proposition B. Let X be an arithmetic surface, D be a Weil divisor and oj be 
a non-zero rational differential on X. Denote by {ui) the canonical divisor on 
X associated to uj. Then we have 

(1) Level two subspaces A^qj^,A^P2 closed in A"; 

(2) With respect to the residue pairing {•, •)cj, 

(A^V)^ = ^Yon (^x%2)^ = ^x.02’ and (A^ , 2 ^))^ = ^x^i2(M-^)- 
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Our lengthy proof for (2) is based on the residue formulas for horizontal and 
vertical curves on arithmetic surfaces established in [M2]. Moreover, as one can 
find from the proof of this theorem in §2.3.2, all the level two adelic subspaces 
A 5 Jq 2 and 12 (-C*) are characterized by these perpendicular properties 
as well. As for (1), our proof in §3.1.3 uses a topological notion of completeness 
in an essential way. 

With the help of these level two subspaces, now we are ready to write down 
the adelic complex of §1.2.3 and hence its cohomology groups Hl^{X,Ox{D)) 
associated to the line bundle Ox{D) on an arithmetic surface X very explicitly. 
Indeed, according to §1.2.3, or more directly, following [P], we arrive at the 
following central 

Definition. Let X be an arithmetic surface and D be a Weil divisor on X. We 
define arithmetic cohomology groups Ox(,D)) for the line bundle Ox(,D) 

on X, i = 0,1, 2, by 

Ox{D)) :='Ax,01 I”! ^X,02 ^X,12i^)j 

HlfiX,Ox{D)) 

■= + ■^X,02) Ax^22(^)) j ^Xp2iP) + ■^X,02 Axp2(^)) ! 

Hl{X,Oxm :=A^loi 2 /{^toi+^^lo 2 +^ti 2 iD)). 

Similar to usual cohomology theory, these cohomology groups admit a natu¬ 
ral inductive structure. For details, please refer to Propositions 17, 18 in §2.4.2. 
Moreover, induced from the canonical ind-pro topology on A^, we obtain nat¬ 
ural topological structures for our cohomology groups, since, from Proposition 
B(l) above, the subspaces A^q^,A^P 2 s-iicl A^^ 2 (^) s-''® closed. Conse¬ 
quently, as one of the main results of this paper, with the use of Theorem II 
above, in §3.2.4, we are able to establish the following 

Theorem III. Let X be an arithmetic surface with a canonical divisor Kx and 
D be a Weil divisor on X. Then, as topological groups, 

HlfiX^xiD)) cs OxiKx - D)) 1 = 0,1, 2. 

Our theory is natural and proves to be very useful. For example, as recalled 
in §1.2.4, in [W], based on Tate’s thesis ([T]), for a metrized bundle E on an 
arithmetic curve Spec Ox, we are able to prove a refined arithmetic duality: 

hl,{x,~^ = hl^{x, 

and establish ‘the’ arithmetic Riemann-Roch theorem: 

hl,{X, E) - hl,{X, E) = deg,,,(A) - log 

(where E denotes the arithmetic count of HI,.,) and obtain an effective version 
of ampleness and vanishing theorem. All this plays an essential role in our 
studies of non-abelian zeta functions for number fields. 
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1 Arithmetic Adelic Complexes 

1.1 Parshin-Beilinson’s Theory 

For later use, we here recall some basic constructions of adelic cohomology 
theory for Noetherian schemes of Parshin-Beilinson ([PI,2], [B], see also [H]). 

1.1.1 Local fields for reduced flags 

Let F" be a number field with Op the ring of integers, and tt : X ^ Spec Op be an 
integral arithmetic variety. By a flag <5 = {po,Pi, ■ ■ ■ ,Pn) on X, we mean a chain 
of integral subschemes pi satisfying pipi € {pi} =: Xi; and we call 6 reduced if 
dim Pi = n — i for each i. For a reduced 6, with respect to each affine open 
neighborhood U = SpecB of the closed point p„, we obtain a chain, denoted 
also by 6 with an abuse of notation, of prime divisors on U. Consequently, 
through processes of localizations and completions, we can associate to 5 a ring 

Ks-.= Cp,S-\..Cp^S-^^B. 

Here, as usual, for a ring R, an i?-module M and a prime ideal p of R, we write 
Sp^M for the localization of M at Sp = R\p, and CpM = limi_„g^ M/p^M its 
p-adic completion. 

The ring Ks is independent of the choices of B. Indeed, following [P2], we 


can introduce inductively 

schemes X( 

Oti 

as in the 

following diagram 

Ao 

D Ai 

D 

A2 

D ... 

t 

t 






D 

t 



t 






D 

-^2,0:2 



t 


where X' denotes the normalization of a scheme X, and Xi^^i denotes an integral 
subscheme in X'_^ which dominates Xp In particular, 

(i) Xi^ai, being an integral subvariety of the normal scheme Xq, defines a dis¬ 
crete valuation of the field of rational functions on Xq, whose residue field 
coincides with the field of rational functions on the normal scheme X[ . 

(ii) More generally, for a fixed i, 1 < i < n, Xi^^i , being an integral subvariety of 

the normal scheme X'_j^ , defines a discrete valuation of the field of rational 

functions on X'_^ ai-i’ whose residue held coincides with the field of rational 
functions on the normal scheme X' ^.. 

Accordingly, for each collection (ai, a 2 , ■ ■ ■, an) of indices, the chain of field 
of rational functions Kq, ■ ■ ■, Kn,an defines an n-dimensional local field 

and hence an Artin ring 

IK(5 . d)(ai,...,an) 

Theorem 1. ([PI,2], [Y]) Let 6 = (po,Pi, • ■ • ,Pn) be a reduced flag on X, and 
be the n-dimensional local field associated to the eolleetion of indices 
{ai,a 2 , ■ ■ ■ ,an) above. Then, we have 


5 



(1) The n-dimensional local field K(ai,...,a,i) is, up to finite extension, isomor¬ 
phic to 

either F^((t„_i)) • • ■ ((ii)), or F^{{i„}} • • ■ {i„+ 2 }}((t™))... ((<i)) 

where denotes a certain finite extension of some v-adic non-Archimedean 
local field F^; 

(2) The ring Ks is isomorphic to In particular, it is independent of the 
choices of U. 

For example, if X is an arithmetic surface, and pi is a vertical curve, then, 
up to finite extension, Ks = F!n.(p 2){{'“}}0 where u denotes a local parameter 
of the curve pi at the point p 2 , and denotes the 7r(p2)-adic number field 

associated to the closed point 7r(p2) on Spec Of; on the other hand, if pi is a 
horizontal curve, then Ks = L{{t)), where t is a local parameter of pi at p 2 , and 
L/F is a finite field extension. Indeed, pi corresponds to an algebraic point on 
the generic fiber Xp of tt, and L is simply the corresponding defining field. 

1.1.2 Adelic cohomology theory 

Let A be a Noetherian scheme, and let P{X) be the set of (integral) points of 
X (in the scheme theoretic sense). For p, q € P{X), it q € {p}, we write p > q. 
Let S(X) be the simplicial set induced by (P(X), >), i.e., the set of m-simplices 
of S{X) is defined by 

S{X')jfi := |(p05 ■ • ■ ,Pm') I Pi ^ P{i^), Pi — Pi-el} ) 

the natural boundary maps are defined by deleting the i-th point, and the 
degeneracy maps af are defined by duplicating the i-th point: 

■ S{X)jn y S{X)jn — l, {po, ■ ■ ■ ,Pi, ■ ■ ■ ,Pm) (POi ■ • ■ ,Pi, ■ ■ ■ , Pm), 

• S{X)jyi y S(^X)jYi-ei, {PO, ■ • ■ ,Pi, ■ • ■ ,Pm) * t {po, . . . ,Pi,Pi, . . . ,Pm)- 

Denote also by S'(A)(0‘^ the subset of S{X)m consisting of all non-degenerate 
simplexes, i.e., 

= {(po,-■ •,Pm) e ^(A)^ I dimpi^dimpj 

Forp G P{X) andM an Op-module, set [M]p := {ip)^M, where ip : Spec(Op) ^ 
A denotes the natural induced morphism. Moreover, for K C 5'(A)m and a 
point p G P{X), introduce pK C S{X)m-i by 

pK := {(pi,...,p™) e S{X)^_i I {p,pi,...,pm) G K}. 

Then, we have the following 

Proposition 2. ([PI,2], [B], see also [H, Prop 2.1.1]) There exists a unique 
system of functors {A{K, *)}^^s(x) from the category of quasi-coherent sheaves 
on X to the category of abelian groups, such that 
(i) A(A, •) commutes with direct limits. 

^Definition of recalled in §2.1.1. 
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m = 0, 


(ii) For a coherent sheaf J- on X, 

r n Xpjm'pTp, 

pGK * 

A(K,^) = 

l^^A{pK,[Tp/m’pTp]p), m > 0. 

IpGP(X) * 

Here trip denotes the prime ideal associated to p. 

Consequently, for any quasi-coherent sheaf H on X, there exist well-defined 
adelic spaces 

Clearly, if we introduce = {{po,... ,pm) e S{X)m \ codim({pr}) = 

irVO <r < to}, and define Ax-io,...,imiJ^) ■= ^x{Ki„^...,i^,F), then 

0<2o <dim X 

Moreover, since A{K,T) C sometimes 

write an element / of A{K,F) as / = (/po,...,Pm) or / = {fxo,...,Xm)j where 

X^ = {pi\ and fpo,...,pm = /xo,....x™ e A((po,- ■ • ,Pm),X). 

To get an adelic complex associated to X, we next introduce boundary 
maps d™ : A™“^(J^) ^ A'^{F) as in [H, Def 2.2.2], For K C 5'(X)„ and 
L C 5'(X)m_i such that C L for a certain i, we define a boundary map 

d™ {K,L,F): A{L,F)^ A{K, F) 

as follows. 

(a) For coherent sheaves F, 

(i) When z = 0, for p e P{X), induced from the morphism F —>■ [Fp/mpFp]p and 
the inclusion pK C L, we have the morphisms A{L,F) A(^L,[Fp/mpFp]p) 
and A(^L,[Fp/mpFp]p) —>■ A(^pK,[Fp/mpFp]p). Their compositions form a 
projective system : A{L,F) A(^pK,[Fp/xnpFp]p). Accordingly, we set 
d^{K,L,F) :^llpeP(x)^^^iFU 

(ii) When z = to = 1, we obtain a projective system induced from the standard 
morphisms tt} : r(A, [Fp/mpFp\p) —>■ A(pA', [Fp/m^pFp\p'). Accordingly, we set 
d\{K,L,F) := npep(x) lim^; tt}; 

(iii) When z > 0 ,to > 0, we use an induction on (i,m). That is to say, we set 

:= ripep(x)^™<—(pA", pA, \Fp/xn!'pFp]p). 

(b) For quasi-coherent sheaves F, hrst we write F as an inductive limit of 
coherent sheaves, then we use (a) to get boundary maps for the later, hnally 
we use the fact that in the dehnition of (a), all constructions commute with 
inductive limits. One checks (see e.g. [H]) that the resulting boundary map is 
well-defined. 

With this, set 

m 

■.= J2{-iy dTiSiX)Z‘^,S{X)ZU;F). 

i=0 

Then we have the following 
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Theorem 3. ([PI,2], [B], see also [H, Thm 4.2.3]) Let X be a Noetherian 
seheme. Then, for any quasi-coherent sheaf over X, we have 

(1) forms a cohomological complex of abelian groups; 

(2) Cohomology groups of the complex coincide with Grothendieck’s 

sheaf theoretic cohomology groups H'^(^X,X). That is to say, we have, for all i, 

W{K*x{F),d*)^W{X,X). 


1.1.3 Examples 
(A) Algebraic Curves 

Let X be an integral regular projective curve defined over a field k. Denote 
its generic point by rj and its field of rational functions by k{X). For a divisor 
D on X, let Ox{T>) be the associated invertible sheaf. Then, from definition, 
the associated adelic spaces can be calculated as follows: 

Ax-p{Ox{D)) = K{{p},Ox{D)) 

= Im Ox{D)r^/m’'^Ox{D)^ = Im fc(A)/{0} = k{X), 

Ax-i{Ox{D)) = Ax{{p}\p€ X : closed point}, Ox(D)) 

= n limOx(D)p/m^Ox(D)p = J] hm 

= H = {(“p) € n I 0''dp(ap) +ordp(D) > o|, 

pGX pGX 

and 

Ax-oi{OxiD)) = Ax{{v,p\p € X : closed point}, C>x(D)) 

= limA({p|p€ A : closed point}, [Ox(D)^/mJ,Ox(D)^]p) 

=A({p Ip G X : closed point}, k{X)) 

=A ({p Ip G A : closed point}, lim Ox (A)) 

- >-E 

= lim^Ax;i(Ox(A)) =UAx;i(Ox(A)) 

= |(op) G k{X)p I Op G Op V^j-. 

pex 

Remark. To calculate Ax;oi(Ox(D)), when dealing with the constant sheaf 
[k{X)]p, we cannot use Proposition 2(ii) directly, since [k{X)]p is not coherent. 
Instead, above, we first expressed it as an inductive limit of coherent sheaves 
Ox (A) associated to divisors A, then get the result from the inductive limit of 
adelic spaces for Ox (A)’s. Indeed, if we had used Proposition 2 (ii) directly, then 
we would have obtained simply A({p} |p G A : closed point}, [fc(A)]^) = {0}, 
a wrong claim. 

Clearly, Ax;oi(Ox(A)) is independent of D. We will write it as Ax;oi, or 
simply Ax. Consequently, the associated adelic complex 

O^Ax;o(Ox(A))©Ax;i(Ox(A)) ^Ax;oi(Ox(A)) ^0 



is given by 


O^A:(X)©Ax;i(C>xP)) AAx ^0 
where d} : (ao,ai) i—^ oi — oq. Therefore, 

H%Ax{OxiD))) =k{X) n Kx-.i{Ox{D)), 

H\Ax{Ox{D))) =Ax/{k{X)+Ax-,i{Ox{D))). 

Note that Ax{Ox{D)) is simply Ax{D) of [S, Ch. 2], or better, [Iw, §4]. 
We have proved the following 

Proposition 4. (See e.g., [S, Ch. 2], [Iw, %4]) For a divisor D over an integral 
regular projeetive eurve defined over a field k, we have 

H°{AxiOx{D))) =H°{X,OxiD)), H\Ax{Ox{D))) = H\X,Ox{D)). 

(B) Aqi For Surfaces 

Let now X be a two dimensional integral, regular, Noetherian scheme, viewed 
as the finite part of an arithmetic surface. To calculate Ax;oij similarly, by 
Proposition 2, we have 

Axioi = Ax;oi(C>x) = Av:({?7, C | C C X : irreducible curve}. Ox) 

= Im AdC I C C X : irreducible curve}, [Ox,?;]?)) 

=A({C' I C C X : irreducible curve}, k{X)) 

=A({C'|C' C X : irreducible curve}, lim Ox{E)) 

= lim A({C'|C' C X : irreducible curve}, Ox(A)) 

— vE 

^ n limOx(A)c/mcOx(A)c 

C'.CdX irredcurve 

= Ihn^ Ox,c- 

C:C(ZX irred curve 

In particular, components of an element of Ax;oi are independent of closed 
points. Thus, with diagonal embedding Ax;oi ^ Ax;oi 2 , we may write it as 
ifc)c instead of ifc,x)c,x- 


1.2 Arithmetic Cohomology Groups 

Let F be a number field with Op the ring of integers. Denote by Sun, resp. S'oo, 
the collection of finite, resp. infinite, places of F. Write S = S^n U Soo- Let 
TT : X —>■ Spec Of be an integral arithmetic variety of pure dimension n+1. That 
is, an integral Noetherian scheme X, a flat and proper morphism tt with generic 
fiber Xp a, projective variety of dimension n over F. For each v G S, we write 
F„ the n-completion of F, and for each a € Soo, we write Xy := X Xop SpecFy 
and write : X^y Xp for the map induced from the natural embedding 
F ^ Fa- ■ In particular, an arithmetic variety X consists of two parts, the finite 
one, which we also denote by X, and an infinite one, which we denote by Xoo- 
These two parts are closely interconnected. 
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1.2.1 Adelic rings for arithmetic surfaces 


The part of our theory on arithmetic adelic complexes for finite places now be¬ 
comes very simple. Indeed, our arithmetic variety X is assumed to be Noethe- 
rian, so we can apply the theory recalled in §1.1 directly. In particular, for a 
quasi-coherent sheaf on A, we have well-defined adelic spaces 


fin 


m := AxiK,, 




So to define need to understand what happens on X^o- 

For this purpose, we next recall Osipov-Parshin’s construction of arithmetic 
adelic ring for an arithmetic surface X. 


Definition 5. ([OP]) Arithmetic adelic ring of an arithmetic surface 

Let TT : A —>■ Spec Of be an arithmetic surface, i.e., a 2-dimensional arithmetic 
variety, with generic fiber Xp. 

(i) Finite adelic ring: From the P arshin-Beilins on theory for the Noetherian 
scheme X, we define 


:= Ax-oi 2 {Ox) = lim Im 

Di D 2 ■ D2^Di 


Ax-12{Di)/A x-i2iDi)- 


FI ere D* ’s are divisors on X and Ax-, 12 (D) := Ax-,12(0X (Ft*)) for 1 = = 1, 2; 

(ii) 00 -adelic ring: Associated to the regular integral curve Xp over F, we obtain 
the adelic ring 

Axp '■= Axf:0i(Oxf) = liip l.im Axf;i(Di)/Axf;i(Di). 

D\ D 2 ' D2^Di 


Flere D* ’s are divisors on Xp and Axp-,i{D) := Axf;i(Oxf(D*)) for * = 1, 2. 
By definition. 

Ax ■=Axf (8)QR:=lim Im ('(Axf;i(Di)/Axf;i(Di)) (8>q rV 

Di D2:D2 <Di ^ 


(Hi) Arithmetic adelic ring: The arithmetic adelic ring of an arithmetic surface 
X is defined by 

A^^:= A3,V2 :=A|"0A^. 

The essential point here is, for divisors Di, i = 1,2, over the curve Xp, when 
D 2 < Di, the quotient Ax;i(Di)/Ax;i(Di) is a finite dimensional F- and hence 
Q-vector space. 

To help the reader understand this formal definition in concrete terms, we 
add following examples. 

Example 1. On A = 

We have Aq = Pq and Q(Pq) = Q(t). Easily, 

Q((t)) <E>q R ^ ^((l))- 
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However, since Q((t)) = lim lim t and the Q-vector spaces 

n m: m<n 

j are finite dimensional, we have 

Q((t)) ®qK =lim Im <8 )qK 

n m\ m<n 

= lim Im (t-"R[[t]]/r™K[[t]]) = R((t)). 

n m: m<n 

Example 2. Over an arithmetic surface X 

For a complete flag {X, C, x) on X (with C an irreducible curve on X and x a 
close point on C), let k{X)c,x its associated local ring. By Theorem 1, k{X)c,x 
is a direct sum of two dimensional local fields. Denote by ttc the local parameter 
defined by C in X. Then 

Ai" =ax.oi2= 

xGC C 

oo 

:={( E hc{a^,)7T^c^)^el[{ n HX)c,x)-. 

ic — — oo C x\x^C 

Oic G Ac, 01 , Oic =0 (zc < 0); minjzc : a*c 7^ 0} > 0 

where he is a lifting defined in [MZ], which we call the Madunts-Zhukov lifting. 
For details, please see §3.1.2. 

1.2.2 Adelic spaces at infinity 

Now we are ready to treat adelic spaces at infinite places for general arithmetic 
varieties. Motivated by the discussion above, we make the following 

Definition 6. Let tt : A —>■ Spec Of be an arithmetic variety. Let S{Xp) be 
the simplicial set associated to its generic fiber Xp and K C S{Xp)m, m > 0, 
a subset. 

(i) Let Q be a coherent sheaf on Xp. We define the associated adelic spaces by 

{ J^ Im {Gp/mpGp (8)q M) , m = 0 

p&K * 

Im A“ (p A, {GpjmpGp\p), m > 0. 

peP(x)^ ' 

(ii) Let {Gi}i be an inductive system of coherent sheaves on Xp and T = lim Gi. 
Then we define 

A“(A,A) := limA“(A,a*). 

Clearly, the essential part of this definition is the one for m = 0. More¬ 
over, if A = lim G'i is another inductive limit of coherent sheaves, we have 

lim A“(A, f?') ~ lim A°“(A, f/i), by the universal property of inductive limits 

since Gp/m^Gp^s are Q-vector spaces. Therefore, A°°(A, A) is well-defined for 
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all quasi-coherent sheaves T on Xp. Moreover, as a functor from the cate¬ 
gory of coherent sheaves on Xp to that of Q-vector spaces, *) is ad¬ 
ditive and exact. Hence, by [H, §1.2], commutes with the direct 

limits, even in general, for an inductive system {Ti}i of quasi-coherent sheaves 
lim A“(A:, j;) A°°{K, lim a;). 


1.2.3 Arithmetic adelic complexes 


As mentioned at the beginning of this section, for arithmetic varieties, the finite 
and infinite parts are closely interconnected. Therefore, when developing an 
arithmetic cohomology theory, we will treat them as an unify one using an 
uniformity condition. 

Let X be an arithmetic variety with generic fiber Xp. For a point P of 
Xp, denote its associated Zariski closure in X by Ep. We call a flag 6 = 
(po,Pi, •.., pfc) € 5'(A) horizontal, if there exists a flag Sp = {Pq, Pi, ■ ■ ■, Pk) € 
S{Xp) such that (pg,... ,:pfc) = {Ep^,Ep^,... ,Ep^). Accordingly, for K C 
S{X), we denote the collection of all horizontal flags in K and A”*' = A \ 
A^. Simply put, our uniformity condition is a constrain on adelic components 
associated to horizontal flags. 

Let be a quasi-coherent sheaf on X, denote its induced sheaf on the generic 
fiber Xp hy Tp. It is well-known that Tp is quasi-coherent as well. Motivated 
by [W], we introduce the following 

Definition 7. Let X be an arithmetic variety of dimension n + 1 and P a quasi- 
coherent sheaf on X. Fix an index tuple (iq, ... ,im) satisfying io < • ■ • < im- 
(i) The finite, resp. infinite, adelic space of type {io,... ,im) associated to P is 
defined by 


\ fin 


.(.F) := Ax(Ax;.o....,.„,.F) P) (B Af P), 


resp. 


\ oo 


^(P) :=A“(Ax,; 


,Pp). 


Flere, for Z <Z X or Xp, we set 


Kz-io,...,im '■= {{Po, ■ ■ ■ ,Pm) G S{Z)m I codimz {pr} = ir \/0 <t < m}; 


(ii) The arithmetic adelic space of type {io, ■ ■ ■ ,im) associated to P is defined 
by 



® *™ = n+l; 

® Ax, -A), ^^^n + l 


, fin,inf / 


-A) ^,.F) 0A“, 

consisting of adeles satisfying, for all flags ,..., 
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(in) For m > 0, define the m-th reduced arithmetic adelic space ^ 

by 


(io ? • • • )^m ) 


Remarks, (i) For any p € P{Xp), Ox,Ep = Oxp,p and k{X)E^ = k{XF)p. 
Consequently, for any (po, ■ • ■ ,pm) G >5'(^F)m, we have a natural morphism 

■^((-^Po ; • ■ • I ^Pm)j^) ~ -^((po: • • • Jpm); J'f) ■ 

since T is quasi-coherent. It is in this sense we use the relation fEpg,Efj^,...,Ef^ = 
fpo,pi,....pm above. (In particular, if pi’s are vertical, there are no conditions 
on the corresponding components.) Clearly, this uniformity condition is an 
essential one, since it characters the natural interconnection between finite and 
infinite components of arithmetic adelic elements. 

(ii) In part (ii) of the definition, we need the space A“, Here, to complete 

our definition, for an arithmetic variety X, we view A“, 0 (-Ff) as the (—l)-level 
of the adelic complex for its generic fiber Xp. That is to say, we define it as 
follows. By [Y, p. 63], we have the (-l)-simplex Ip for open U C X. Set then 
S'(Yf)-i = { 1(7 \ U C X : open}, and, for K C S'(Yf)-i, let 


A^.j,{K,Tp) 


•Ff{Uk,f) C>q R, dim Y > 2 

{ sf G J'p{Uk,f) ® R I s G J-(Uk) }) dim Y = 1 


where Uk '■= and sp denotes the section induced by s. The reason 

for separation of arithmetic curves with others in this latest definition is that 
arithmetic varieties are relative over arithmetic curves. 

Moreover, from standard homotopy theory, if we introduce the boundary 
morphisms by 


© 


(aio,... 


■,lm- 


i^) 








and = we 

have 

Proposition 8 . fA*^. ^^^{X,J'),d*'\ defines a complex of abelian groups. 


All in all, we are now ready to introduce the following 


Main Definition. Let f : Y —> Spec Of be an arithmetic variety. Let X he a 
quasi-eoherent sheaf on X. Then we define the i-th adelic arithmetic cohomology 
groups of T by 

the i-th cohomology group of the complex (A*^. (Y,Y),d*). 

Consequently, we have the following 
Theorem 9. If X is an arithmetic variety of dimension n + 1, then 
HlfiX, F) = 0 unless i = 0,1,..., n + 1. 


Proof. Indeed, outside the range 0 < i < n + I, the complex consists of zero. 
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1.2.4 Cohomology theory for arithmetic curves 


We here give an example of the above theory for arithmetic curves, which was 
previously developed in [W], based on Tate’s thesis ([T]). 

Let D = X]i=i be a divisor on X = Spec Of- Write rn = ordp^(il). For 
simplicity, we use A*(_D) instead of Al{Ox{D))- Then, by the same calculation 
as in §1.1.3, we have Aj-yiic) = {(%) e n e; ^Fp\ap € Op Vp}. And, since 

D,, = 0 is trivial, A;f.(,(£)) = i Ox p, ri/x p, ri (A/{ 0 }) (g)Q 

R = F (g)Q R = HtreSoo Therefore, 

A^l,,{Ox{D)) = © Ao“(F) = {(up) e Hp^s^P I «p ^ Op V'p G }. 

In particular, it coincides with the standard adelic ring Ap of F, hence is inde¬ 
pendent of D. 

To understand Ag''(F), we first calculate Ag''(F). With the same calculation 
as in §1.1.3 again, we have A^'Iq(F) = F. Note that, from above, A“.g(F) = 
F ©Q R. Thus, by definition, 

A^bo(F) = {(a©a,) G A|"o(F)®A^.o(F) | (a,) = lUf), K) = ^oo{f) 3/ G F} 

is then isomorphic to F, and hence also independent of D. 

From our definition, A^-iiD) = A^.^{Ox{D)) © A“, 0 (Ox(F)). To under¬ 
stand it, we first calculate A^p(F). With the same calculation as in §1.1.3, we 
have A^^(F) = {(op) G A^g^ | ordp(ap) +ordp(F) > O}. Then, by definition, 
we have A^,^{D) = {s g F | ordp(s) + ordp(F) > O}, since D = ordp(F)p, 
and hence iiU = X — {pi,... ,pr-}, Ox{U) is trivial. 

In this way, we get the associated arithmetic adelic complex 

0 ^ A^l,iOx{D))(BA^l,iOx{D)) ^ A^^.^iOxiD)) 0 

is given by: 0 —>■ F © A".;^(Ox(F)) Ap 0, (ao,ai) i-> oi — oq. Therefore, 

HI{F,Ox{D)) =f n A^l,{Ox{D)), 

Hi (F, Ox (F)) = Af/ (F + A^^^i (Ox (F))). 


In fact, a complete cohomology theory is developed for arithmetic curves 
Spec Of in [W]. For an OF-lattice A, i.e., a motorized locally free sheaf on 
Spec Of, we introduce the associated topological cohomology groups Hl{F,A) 
and Hl{F,A), with Hl{F,A) discrete and F{j.(F, A) compact. Consequently, 
using Fourier analysis for locally compact groups, we obtain their arithmetic 
counts h°r(F, A) and h{j.(F, A). 

Theorem 10. Cohomology Theory for Arithmetic Curves ([W]) 

Let F he a number field with Op the ring of integers. Let top be the Arakelov 
dualizing lattice of Spec Op and Ap be the discriminant of F. Then, for an 
Op-lattice A of rank n with its dual A^, we have 

(1) (l.i) (Topological Dualityj As locally compact topological groups, 

Fi(FTi;r©AV) = 7j0^(F,A); 
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Here '' denotes the Pontryagin dual. 

(l.ii) (^Arithmetic Duality^ 

® A'^) = A); 

(2) (Arithmetic Riemann-Roch Theoremj 

^ar(^>A) - hl^iF,A) = deg^,(A) - |log|AF|. 

(3) (Ampleness, Positivity and Vanishing Theorem^ The following state¬ 
ments are equivalent: 

(S.i) Rank one Op-lattice A is arithmetic positive; 

(3.a) Rank one Op-lattice A is arithmetic ample; and 
(S.iii) For rank one Op-lattice A and any Op-lattice L, 

lim h\^{F, A'^ ® L) = 0. 


(4) (Effective Vanishing Theorem^ Assume that A is a semi-stable Op- 

Ti lo^ 72- 

lattice satisfying degjjr(A) < — [F : Q] • —-—, then we have 


hliF,A)< 


gn [F:(i: 


1 — logS/TT 


' exp 




deSa.r(7-) 


• e 


)■ 


For details, please refer to [W]. 


15 



2 Arithmetic Surfaces 


In the sequel, by an arithmetic surface, we mean a 2-dimensional regular integral 
Noetherian scheme X together with a flat, proper morphism tt : X —>■ Spec Of- 
Here Op denotes the ring of integers of a number field F. In particular, the 
generic fiber Xf is a geometrically connected, regular, integral projective curve 
dehned over F. 


2.1 Local Residue Pairings 

Theory of residues for arithmetic surfaces, as a special case of Grothendieck’s 
residue theory, can be realized using Kahler differentials as done in [L, Ch III, §4]. 
However, here we follow ([Ml,2]) to give a rather precise realization in terms of 
structures of two dimensional local fields. 


2.1.1 Residue maps for local fields 


(A) Continuous differentials 

Let {A, m^) be a local Noetherian ring and N an A-module N. Denote by 
the maximal Hausdorff quotient of N for the m^i-adic topology, i.e., = 

xa\N. In particular, if A is an i?-algebra for a certain ring R, then we 
have the differential module ^a/r and hence Thus, if T’ is a complete 

discrete valuation field and K a subfield such that Frac(A n Op) = K, then we 
have the space of the continuous differentials 

^T/k ■■= ^Z/o,nK^o,F. 

Consequently, if F'/F is a finite, separable field extension, then ^pf/p = 
Qpjp (Sip F' and hence there is a natural trace map Tipi/p : ^pf/p — ^pjp- 

(B) Equal characteristic zero 

Let F be a two-dimensional local field of equal characteristic zero. Then F 
contains a unique subfield kp of coefficients, up to isomorphism, such that F ~ 
kp{{t)) for a suitable uniformizer t. In particular, — Op ■ dt is a, free 

OF-module of rank one. We define the residue map for F by 

resF : ^p^/kp —> kp, to = f dt ^ coeft^-i (/). 

By [MI], this is well defined, i.e., independent of the choice of t. Moreover, for 
a finite field extension F' /F, we have the following commutative diagram 


QCtS 

^^F'/kp 

Tpf'/f i 

(~)cts 

^^F/kp 


kpi 

4-Trfcj, 

kp. 


• /kp 


(C) Mixed characteristic 

Let L be a two dimensional local field of mixed characteristics. Then the con¬ 
stant field kp oi L coincides with the algebraic closure of Qp within L for a 
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certain prime number p, and L itself is a finite field extension over for 

a certain uniformizer t. Here, by definition, 

OO 

kL{{t}] := { X! ^ > -OO (Vi), a* -J> 0 (i -oo)|. 

i— — oo 


Moreover, by [Ml], =Ok,{{t}}dt © Tors(H^o^P^^^^jj^^ ). We 


define the residue map, first, for kL{{t}}, by 

resfei{{t}} : ^t^{{t}}/kr. —^ uj = fdt^ -coeftt-i(/); 

then, for L, by the composition 


resi : 


kL- 


kL{{t}}/kL 

This is well defined by [Ml]. Consequently, if L'/L is a finite field extension, we 
have the commutative diagram 


V jkL 
Tr^'/L i 


^ k^, 

'I' /ki_ 

'.SL , 1 

-)• kL- 


2.1.2 Local residue maps 

As above, let F be a number field and n : X ^ SpecOi? be an arithmetic 
surface with Xp its generic fiber. 

For each closed point x G X, and a prime divisor C on X with x € C, by 
Theorem 1, the local ring k{X)c,x is a finite direct sum of two dimensional local 
fields, i.e., 

k{X)c,x = ^ k{X)ci,x, 

where Cj’s are normalized branches of the curve C in a formal neighborhood U 
of X. Set then 

resc.x = ^resfc(x)c,,,, 

i 

which takes the values in ^^.(a;), the local field of F at the place 7r(x). Recall 
also that, following [T], we have the canonical character 

^■!r{x) ■ Ft^(x) -^ Qp -^ Qp/^p —> Q/^ ^ K./Z ~ S . 

Introduce accordingly 

RoSc^a, •— ^-n^x) 

On the other hand, for each closed point P G Xp, 

kixp)p^^[ n = 

<7^Soo 

is a finite direct sum of local fields R((t)) and C((t)). Hence, similarly, for each 
a G Foo, we have the associated residue maps resp,^- Define 

Resp^cr = Act o resp,CT- 

Here, as in [T], to make all compatible, we set Act(x) = —Trp^/K, i.e., with a 
minus sign added. 
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2.2 Global Residue Pairing 


The purpose here is to introduce a non-degenerate global residue pairing on the 
arithmetic adelic ring of an arithmetic surface. 

2.2.1 Global residue pairing 

Let TT : X —>■ Spec Op be an arithmetic surface with Xp its generic fiber. Then, 
by § 1 . 2 . 1 , we have the associated arithmetic adelic ring 

with = Ax ,012 the adelic ring for the 2-dimensional Noetherian scheme X 

and A^ := Axf®qR := Jhn Jun (^(Ax^ (L>i)/Axj=. (£> 2 )) • By 

D2<Di F 

an abuse of notation, we will write elements of A^ as {fc,x)c,xi or even {fc,x), 
and elements of A“ as {fp)p, or even (/p). 

Fix a rational differential uj = f{t)dt ^ 0 on X. Then, we define a global 
pairing with respect to w by 

A-xA“ ^ §1 

{{fc,x, fP,( t), {gc,x, gpp)) X]ccX,£cGC:7r(a:)eSfi„ ^®®C',a:(/c,a;5C,a:W) 

£ SpgXf SctGSoo I^®®A<r(/p,CT 5 P,o-w). 

Lemma 11. Let X be an arithmetic surface and uj is a non-zero rational dif¬ 
ferential on X. Then the global pairing with respect to oj above is well defined. 

Proof. Write Z^ccx.^eC: 7 r(a;)GSfin as a double summations 

EccxEa;GC: 7 r(a;)eSfi„I^esc',a;(/c,£r 5 C',a;w). Then, by Example 2, for all but 
finitely many curves C, Liesc,xifc,xgc,xix!) = 0. So it suffices to show that 
for a fixed curve C, J2x(^c-.Tr(x)GSa„ ^^sc,xifc,xgc,xi^) is finite. This is a direct 
consequence of the definition of Ac ,01 and A^ in Example 2. 

2.2.2 Non-degeneracy 

Proposition 12. The residue pairing on A^J is non-degenerate. 

Proof. Let g € be an adelic element such that, for all / S A“, {f,g)uj = 0. 
We show that 5 = 0. 

Rewrite the summation in the definition of according to prime hori¬ 

zontal curves Ep associated to closed points P € Xp and prime vertical curves 
V C X appeared in the fibers of tt. Namely, Y^p^Xp Yx^Ef+Yv&x Yx^v 
Then, note that, for a fixed adelic element 5 = {gc,x,gp,a) G A^, 

{{fc,x, fp,a), {gc,x, gp,a)) = 0 '^{fc,x, fPp) G A”. 


We have 

E E ReSpp,a;(5Ep,a;/w) -f EE Respp,a;(5Pp,a;/w) = 0 V/ G k{X). 

PGXpx&E^ VGXx^V 
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Now assume, otherwise, that g ^ 0. There exists either some vertical curve 
C such that 0 ^ gc,x G k{X)c,x, or, a certain algebraic point P of the generic 
fiber Xp such that 0 ^ gp^a € k{Xp)p®pF„. In case gc,x ^ 0, by definition, 
gc,x = {gCi,x) G ®ik{X)Ci,x = k{X)c,x, where Q runs over all branches of 
C, and k{X)ci,x is a two-dimensional local field. Fix a branch Cig such that 
gCig,x 7 ^ 0. By definition, Resc^.a: := ^Tr{x) o rescj.a:- So we can choose an 
element h G k{X)cig,x such that ResCiQ,£c(hw) ^ 0. For such h, we then take 
fCio,x G k{X)cig,x such that fCig,xgCig,x = h. Accordingly, if we construct 
an adelic element / by taking all other components fci,x to be zero but the 
fCig,x, then we have {f,g)u: = ^esCig,x{fCig,xgCig,x<^) = ^escig,xihuj) ^ 0. 
This contradicts to our original assumption that {f,g)ui = 0. Hence, all the 
components of g corresponding to vertical curves are zero. Since we can use 
the same argument for the components of g corresponding to algebraic points 
of XiT- to conclude that all the related components are zero as well, so g = 0. 
This completes the proof. 

2.3 Adelic Subspaces 

2.3.1 Level two subspaces 

Let TT : AT —>■ Spec Of be an arithmetic surface. Our purpose here is to introduce 
certain level two intrinsic subspaces of := A“gj ^2 ■= ■ 

To start with, we analyze the structures of A^gj^, one of the level two sub¬ 
spaces of A^ = A^g^ 2 - By definition, see e.g., [PI], or better, 1.1.3(B), view 
as elements of A^ (via diagonal embedding), we may write elements of A^gj^ 
as {fc,x)c,x- Then the partial components {fc,x)xeC are independent of x, and 
hence can be written as {fc)c (via diagonal embedding). Accordingly, we will 
simply write elements of A^g^ as {fc)c- On the other hand, with respect to 
TT, curves on X may be classified as being either vertical or horizontal. There¬ 
fore, we may and will write (/c)c = (/c)c:ver x (/c)c:hor- Accordingly, we 
set A^g^ = A^g^ © A^g^, where A^g^^, resp., A^jJ) denotes the collections 

of (/c)c:ver, resp., (/c)c:hor- Furthermore, if C is horizontal, there exists an 

_ 

algebraic point P of Xp such that C = {P} , the Zariski closure of P in X. 
For simplicity, write C = Ep. Then fpp e F{X)Ep. But F{X)ep = F{Xp)p. 

So it makes sense for us to talk about whether Jep = fp for a certain element 
fp G F{Xp)p. 

Fix a Weil divisor D = Dy + Dh on X, where Dy = 'Y^pUyV with V irre¬ 
ducible vertical curves and Dh = npEp with Ep the horizontal curves. In 
particular, D induces a divisor Dp — npP on Xp. Following the uniformity 
condition in Definition 7(ii) (and that for arithmetic curves recalled in §1.2.4), 
we introduce level two intrinsic subspaces A^J^gj^, A 5 )^q 2 , A“ j^ 2 (-C*) by 

={{fc,x) X {fp) G Ax I {fc,x)c,x = {fc)c,x G A^^gi, fpp = fpVP e Xp}, 
^x .02 =^f ,02 0 HXp)^qR and A-^^,^{D) := A%,{D) 0 (A^f,(P f)®qK), 

where A^"i 2 (^) ■={{fc,x) G A^" | ordc{fc,x) + ordc(P) > 0 VC C X}, 
Axf{Dp) ■={{fp) G Axp I ordp(/p) + ordp(Pp) > 0 VP G Xp}, 
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and 

AxpiDp) := ^lim (AxpiDF)/AxpiD'p)^Q'^. 

Here we have used the natural imbedding fc(X) = k{Xp) ^ Axp ^ A“. 
Accordingly, we then also obtain three level one subspaces 

^x,o ■=^x,oi 

^X,li^) ■=^x,01 ■^x,12(^)i ^X,2iD) ■= ^x,02 ^ ^x,12i^)- 

Lemma 13. Let X be an arithmetic surface, D he a Weil divisor on X with 
Dp its induced divisor on Xp. We have 

(i) A“o = k{X); 

(ii) Af i(D) = {{fc)c,. X Up) G A3f : Uc)c,x G Ax.i{D). Jep = fp VP G 
Xp}; 

(m) A-^U^) = {{fUc,. X (/) G Af : 

ifx)c,x G Ax, 2 {D), f G Axp{Dp)r\k{Xp) = H°{Xp, Dp)^qR} 

(iv) Under the natural boundary map, (A*,.(A, £>), d*) : 

0 -)• A^ o © Ax^^{D) © AxUD) -t © A” p2 ® ''^x,i2('^) ■'^x,oi2 0 

forms a complex, the adelic complex for D. 

Proof. The first three are direct consequences of the construction, while (iv) is 
standard from homotopy theory with the following the boundary maps: the first 
is the diagonal embedding, the second is given by {xo,xi,X 2 ) i—>■ (ccq — Xi,xi — 
X 2 ,X 2 — xo) and the final one is given by (xqi, a:o 2 , 3 : 12 ) t Xqi + X 02 — Xi 2 - 
For example, to find common elements {fc,x, fp) of A^ and A^ q 2 ! '^0 first 
concentrate on the infinite part. Note that, by definition, the infinite part of 
A ^02 i® simply k{Xp) © R. Hence {fp)p above, viewed as elements of infinite 
part of A^J qi should satisfy fp G k{Xp) © R. On the other hand, by the 
uniformity condition, fp = /^Jl with fpp coming from finite part. This forces 
fp G k{Xp) and hence fpp G k{Xp). That is to say fpp^x = fp G k{Xp). This, 
together with the fact that components of elements in A^gj^ (resp. A^q 2 ) s-re 
independent of x (resp. of C) then completes the proof of (i). We leave others 
to the reader. 

As a direct consequence of (ii) and (iii), we have the following 

Corollary 14. Let X be an arithmetic surface, D be a Weil divisor on X. 
Then, we have the following induced ind-pro structures on A^gj^ and A“g 2 .' 

■'^x.oi = fi™, lfiri A“j(D)/A“j(£>'), 

—<— D' 

D'<D 

■^x .02 = 1™, lira A5)-2(T))/A5J2(^0- 

— ^D' <— D' 

D'<D 

Our definitions here are specializations of definitions in §1.2.3 for P = 
Ox{D) over arithmetic surface X. We leave the details to the reader. 

^Here, as in our paper, to simplify notations, this equality means that it holds in the related 
two dimensional local field after we embedd k{Xp) as a subfield within. 
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2.3.2 Perpendicular subspaces 


For late use, we here establish a fundamental property for the level two arith¬ 
metic adelic subspaces introduced above. In fact, as we will see below, this 
property, in turn, characterizes these subspaces. 

Fix a non-zero rational differential w on the arithmetic surface X. Then, by 
Proposition 12, we have a natural non-degenerate pairing (•, ■)^ on For a 
subspace V of A^, set 

V'‘~ := {w G I (w, v)u) =0 Vn G y} 

be its perpendicular subspace of V in A“ with respect to (•, •)(^. Then, we have 
the following important 

Proposition 15. Let X be an arithmetie surfaee, D be a Weil divisor and uj be 
a non-zero rational differential on X. Denote by (w) the divisor on X associated 
to Lo. Then we have 

(z) = 

(a) Q2^ = A5J Q2; 

(ill) [A-l^ffD)Y = Af_i2(M - D)- 

Proof. By an abuse of notation, we will write elements of A|? as {fc,x)c,x or 
even {fc,x), and elements of A“ as {fp)p or even (/p). 

We begin with a proof of A^J C (A“g^)-*-. Let f, gG A“g^. By definition, 
f = {fc)c,x X (/p)p, g = {gc)c,x X {gp)p, and, for all algebraic points P of 
Xp, fpp = fp and gpp = gp- Consequently, 

(f,g)^ Resc'.a;(/c 5 cw) + ^ Resp{fpgpuj) 

x,C P 

=EE Resc.a:(/c 5 cw) + ^ Resp{fpgpLo). 

C x-.xGC P 

If (7 is a vertical curve on X, then, by the standard residue theorem for algebraic 
curves, see e.g. [PI], J2x-.xeC^^^C,x{fcgcoj) = 0. Hence 

(f,g)<, = E E Resp^fEpgEpix!) + ^ Resp{fpgpu}) 

PeXp xeEp p 

= E E R-esQ(/p5pw). 

P&Xp QffEp 

Here Ep denotes the Arakelov completion of Ep associated to an algebraic point 
P € Xp, and in the last step, we have used our defining condition fpp = fp 
and gpp = gp for elements f, g in A"qj^. Now, by the residue theorem for 
Ep ([M2, Thm 5.4]), Y.QeEp^‘^^Qifp9P^) = 0- Therefore, (f.g)^^ = 0, and 
-^5c,oi C 

Next, we show that A^ D {A^ oi)"*"! based on the following ind-pro struc¬ 
ture on A“ in Corollary 14: 

A3f^oi= hm lunA^lffD)/A^lffDff 
— >D' <— D' 

D'<D 
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Let C be an irreducible curve C. Then, induced by the perfect pairing 
(•, •)^ : A“ X A” —)> R/Z, for any divisor D on X, by (iii), whose proof given 
below is independent of (i) and (ii), we obtain a pairing 

^ti2{D)/^xAD - C) X A-,i2((^) + - i^)/A5^,i2((^) -D)^ K/Z. (1) 

Moreover, directly from the definition, we have that A“ 12 ( 0 ) /A“ 12 (-^ — C) 

Apoi for any divisor D. Hence, A^;^ 2 ((a^) + C — ^)/Ax,i 2 ((a^) — D) ^ A^q^^ 
as well. So we can and will view (1) as a pairing on A^qj^. 

If C is vertical, then, there exists ujc S flfc(C)/Fp and an a = {tty) € Ap^Q]^ 
such that (1) coincides with the pairing 

(•, •)c.c.a : Ag'oi X Ag'oi —^ Fp; (f,g) h-> V Res„(/„g„a«wc)- (2) 

Since A“ q;^ C (A^q^^)-*-, and, directly from the definition, we have that 

K-l,{D)/A^l,{D-C) c, A.-l,{{u2)+C-D)/K-l,{{u^)-D) ^ = HC), (3) 

we conclude that (•,-)tJc.a : Ag'g^ x A^q^ —>• Fp annihilates k{C) x k{C). But 
(•;')a;c,a Can be identified with the canonical residue pairing (•, •) : A^gj^ x 
Acoi ^ ®'p associated to C. Consequently, K{C)^ = Ar(C')H In particular, 
with respect to the pairing {ak{C), k{C)) =0. So a e fc(C'). Hence, if necessary, 
with a possible modification on w, without loss of generality, we may and will 
assume a = 1 and write (•, Oi^c.a simply as (•, ■)u)c- Therefore, by (3) and the 
fact that k{C)^ = k{C), we have 

[A^l,iD)/A^l,iD - C))^ A^l,{{u;) + C- D)/A^l,{{u;) - D). 

Moreover, with a verbatim change, the same discussion is valid for horizontal 
curves as well. Consequently, by applying this repeatedly, we have, for any 
irreducible curves Ci,C 2 , the following commutating diagram with exact rows 

A{D - Cl) / A{D - Cl - C2) ^ A{D)/A{D-Cl-C2) ^ A(D)/A(D-Ci) 

II I II 

GnB{D-Ci)/CnB(D-C1-C2) ^CnB[D)/GnB{D-Ci-C2)^ GnB{D)/GnB{D-Ci) 

where, to save space, we set A := B := A^J ^2 ^ ■= (Axoi)"*'- 

Consequently, the vertical map in the middle is surjective. On the other hand, 
since A^gj^ C (A^gj^) , this same map is also injective. Therefore, for any 
D' <D,’ 

(^A’^l,{D)/A’^l,{D')y A’^l.Huj) - D')/A’^l,iiuj) - D). 
with respect to our pairing 

A-l,{D)/A-l,{D’) X A-l,{{u:) - i^')/A^^i((w) - D) ^ R/Z. 

^It is well-known that, see e.g., [Iw, §4], if x is a non-zero character on such that 

x{k{C)) = {0}, then the induced pairing {•,-)x : A^^^ x Ag'p^ —)■ (f,g) ^ x(f ' g) is 

perfect and k{C)-^ = k(C). 
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Consequently, we have 


^x,oi) — 




since, by (iii) again, 




= lim lim A^i(L>)/A3f"i(L»') = lim lim A^"i((u;)-i:)')/A",i((w)-£») 

_ . T-\' ’ ' ’ 1 _n V T-\' ’ ' ’ 


D 
D'<D 


D — vD' 
D'<D 


This proves (i). 

To prove (ii), we start with the inclusion A^q 2 C (A^q 2 )‘'‘- By definition, 
every element f G A^q 2 can be written as f = {fx)c,x x (fp)p with fc,x = fx 
and (/p) = (/) for some / € k{Xp) (since, by definition, the 02 type adeles are 
independent of one dimensional curves). Thus, for f, g € A^q2, we have 


^esc,x{fc,xgc,xi^) + X! Resp(/pgpw) 

C,x p 

=E E x9x^^ A ^ ^ Bcsp ■ 

X C-.C^X P 

Note that for a fixed x, fx and gx are fixed. Thus, by the residue theorem for 
the point x ([Ml, Thm 4.1]), we have ^Q.Q^x^'^^Cyxifxgxi^) = 0. So 

(f,g) = Eo+E Besp(/5w) = Resp(/ga;). 

X P P 

On the other hand, since f,g€ k{Xp) and w is a rational differential on Xp, 
the standard residue formula for the curve Xp/F (see e.g., [S, §11.7, Prop. 6]) 
implies that ^pResp{fguj) = 0. Hence 

(f,g)=0, Vf,gGA^02- 


Therefore, A”o 2 C (A^ o 2 )'^- 

For the opposite direction A^ p 2 A (A^ 02 )'*"’ similarly as in (i), we, in theory, 
can use the following ind-pro structure on A^J q 2 : 

Ax.02 = 1™, 1™, A5J2(7?)/A5J2(7?0- 

— >D' i — D' 

D'<D 

However, due to the lack of details for horizontal differential theory in literature, 
we decide to first use this ind-pro structure to merely prove the part that if 
f = ifc,x)c,x X (/p)p € (A5 Jq2 )'’‘) vertical C”s, fc,x = fx', and then to take 
a more classical approach for the rest. 

Choose f = {fc,x)c,x X {fp)p G (A3 ^q2 )^- Then by our assumption, for any 
element g = {gx)c,x x {g)p G A^ p 2 > ’^c have 

o = (f,g) = E E ^GSc,xifc,xgx(x!) + Resp(/p5w). (4) 

X C:CBx P 

Now note that the element (gx )c,x G A"q 2 and the element g G k{Xp) can 
be changed totally independently, we conclude that both of the summations, 
Y,xY,C:C 3 x^^^c,x{fc,xgx^) and ^[pR-esp(/pgw), are constants independent 


23 



of g. This then implies that both of them are 0. Indeed, since Resp{fpg(jj) is 
a constant independent of (/, by choosing g to be constant function, we conclude 
that ^pResp{fpguj) = 0, V(/ e k{XK)- Consequently, by (4), we have, from 
( 2 ), 

^ ^ Resc,x{fc,xgx<^) = ^, '^{gx) Axm- ( 5 ) 

s C-.C^x 

To end the proof, we need to show that fc,x’s are independent of C and 
fp are independent of P. First, we treat the case when C is vertical. As said 
above, we will use the associated ind-pro structures. So, assume for now that 
C is vertical. Then, for any divisor D on X, we have 

- C) -Ac,1 Pic), 

+C- D)/A-^^,{{co) +C-{D-C)) ^AcAi^'c) - D\c), 


for a certain Wc € fIfc(c)/Fp satisfying {ojq) = ((w) + C')|c by the adjunction 
formula. We claim that {(jJq) = i^c)- Indeed, since Ac,i(4I|c)‘'‘ = ■Ac,i((wc) — 

T^lc) and A3,p c Ac.i((P) - D\c) C Ac,i((wc) - D\c). This 

implies that (wc) > i^c) ^ad hence (wc) = (^c), because there is no / G k{C) 
such that (/) > 0. Thus, with respect to the canonical residue pairing on C, we 
have Ac,i(Id|c)"'' = -^C,i((wc) — D\c)- Consequently, as in (i), from 


■^5f,02 — 1™, ,Ax,2{D)/Ax2{D') 

— >D' <— D' 

D'<D 


lini lim A5)^ 2 ((a^)~-^ 0 /-^x, 2 ((a^)“-C)), 
I —D — 

D'<D 


we conclude that fc,x = fx & k{X)x and hence independent of C. 

To prove the rest, we take a classical approach with a use of Chinese reminder 
theorem, using an idea in the proof of Proposition I of [PI]. To be more precise, 
fix xo G A and a prime divisor H on X satisfying that xq G and that 
V := Spec — H is affine. We claim that for any family of prime divisors 

Dj on V such that Hi flp = 0 if t ^ j, and any rational functions /o, /i,..., /n 
on V, and any fixed divisor D supported on Hi’s, there exists a rational function 
g such that 

j ordp, {fi - g)> ordo, (H), i = 0,1,..., n, 

[ordci(ff) > ordD,(H), i ^ {0,1,..., n} 

Indeed, by clearing the common denominators for /i’s, (with a modification of 
/i’s if necessary,) we may assume that /i’s are all regular. Then by applying 
the Chinese reminder theorem to the fractional ideals t = 0,1,..., n, 

and Ci^^o 1 where pi are the prime ideas associated to the prime 

divisors Hi, we see the existence of such a g. 

Associated to f G ^A“g 2 )^, form a new adele f' G A“g ^2 by setting fc^ = 
fc,x — fH,x where H is a fixed vertical curve. Since, as proved above, for vertical 
H, fH,x = fx & k{X)x, this is well defined. Then 

^ Resc,xo{fc 9X0^^) 

C:CBxo 

= ^^Sc,xo{fc,xo9xoUj) - ^^^C,xoifH 9X0^)- 

C ‘.C C '.C ^xq 
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The first sum is zero, since we have (5) by our choice of f. The second sum, 
being taken over all prime curves passing through xq, is zero as well, since 
we can apply the residue theorem for the point xq as above (with fH,xo being 
independent of C). That is to say, 

^ ' Resc.xo (/c,a:o5a:o^) “ 0- 

C:C^xo 


Now, applying the above existence to obtain a g satisfying that for any fixed 
rational function /o and any fixed curve Co 3 xq, we have 

f ordcifc,xo) + ordc(/o - 9 ) + ordc(a;) >0, C = Cq 
\ OTdc{fc,xo) + ordc(ff) + ordc(w) >0, C ^ Co, H. 

Consequently, by the definition of the residue map, with f'fjxo = ^ in mind, we 
get, for any /o G k{X) and the corresponding g just chosen, 

0 = ^ Resc,xo{fc,xo9^) = '^(iSc,xo{fc,xo9‘^) 

C:C3xo C:C9 xo,{C:C^Co,H}U{C:C=Co,II} 

= R-esc.a:o(/c.xo5w) =Resco,:^o(/co,xo5w) =Resco,^o(/co,xo/ow). 

C:C^xo,C=Co,H 

Since the last quantity is always zero for all /o, this then implies that fc,xo = 0^ 
namely, fco,xo = fH,xo- 

To end the proof of (ii), we still need to show that fp = fpg for a fixed 
Pq € Xk and all P € Xk- But this is amount to a use of a similar argument 
just said again, based on Chinese reminder theorem. See e.g., [Iw, §4]. We leave 
the details for the reader. Thus, if f = {fc,x)c,x x {fp)p G (A“q 2 )‘'‘) then 
fc,x = fco,x and fp = fpg for fixed Cq and Pq- Therefore, f e A^p2- That is 
to say, (A“g 2 )'*‘ = ^x, 02 - This proves (ii). 

Finally, we prove (hi). The inclusion A" ;^ 2 ((a^) — D) C. is easy. 

Indeed, for f = {fc,x) x (/p) S Axs 2 {{oj) - D), g = {gc,x) x (gp) € Ax^i 2 {D), 
we have (f,g) = J2c,x^^^c,xifc,xgc,xUj) + X)pR-esp(/p 5 pw) = 0, since every 
term in each of these two summations is zero by definition. 

To prove the other direction A^^ 2 ((^) — D) D (A" ^ 2 (T’))‘'‘, we make the 
following preparations. Set if : X —5- Spec Op ^ SpecZ. Then, by [Ml, Thm 
5.7], the dualizing sheaf w?? of if is given by, for an open subset U C X, 

= {w e nfc(x)/Q I Resc,a;(/w) = 0 Vx e C{c. U), V/ € Ox,c}- 

By a similar argument as in [Ml] (used to prove the above result), we have, for 
a fixed curve Cq, 

W?,Co = {w G I ReSCo.a;(/w) = 0 Vx e Co, f G Ox,Co}- 

This is nothing but the collection of differentials w satisfying ordco((w)) > 0. 
Moreover, we have, for a fixed pair xq G Cq, 

‘^n,Co^Oco(^Co,xo = {w G f^f(!v)co,xo/Qs(xo) I ^^^Co,xo{f^) = 0 V/ G Oco,xo}- 
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This is simply the collection of differentials w satisfying ordco((w)) > 0. From 
these, we conclude that the following conditions are equivalent for a non-zero 
differential w G ^k{x)/Q and a fixed pair xq € Cq; 

(1) c V/ G Ox,Co R-esco,xo(/w) = 0. 

(2) c ordco((w)) > 0. 

Furthermore, a similar argument for points instead of curves also gives us that 
the following conditions are equivalent for a fixed point P; 

(1) p V/G C>Xf,Po R-espo(/a;) = 0. 

(2) p ordpo((a;)) > 0. 

Now we are ready to continue our proof. Let f = {fc,x) x (/p) G 12 
and g = {gc,x) x (gp) G Then 

0 = (f, g) = ^esc,x{fc,xgc,xU}) + Yl „R-esp(/pgpa;). 

Thus, by the independence of components of adeles, we see that, for fixed (C, x) 
and P, ^esc,x{fc,xgc,xCi) = 0 and Resp{fpgpuj) = 0. This, together with the 
equivalence between (l)c and (2)c and the equivalence between (l)p and (2)p, 
we conclude that f = (fc,x) x (/p) G i 2 ((a^) ~ O), and hence complete the 
proof. 

2.4 Arithmetic Cohomology Groups 

2.4.1 Definitions 

Let X be an arithmetic surface and D be a Weil divisor on X. By Lemma 13, 
particularly, with (iv), we obtain an arithmetic adelic complex. Accordingly, we 
define the arithmetic cohomology groups Hlj.{X,D) by iL*(A*,.(Ar, D), d*), the 
i-th cohomology groups of the complex (A*j.(A', D),d*), f = 0,1, 2. 

Proposition 16. (i) The arithmetic cohomology groups Hl^{X,D) of D on X, 
1 = 0,1, 2, are given by 

Y^X, D) n A3 ,^,o 2 n 

HlAX,D) = 

= ((■'^X,01+-'^X.02) *"1 I”' ■^X.12(-0) + ■'^X.02 ■^X.12(-0)) i 

HariXyD) =A“qi 2/+ ■^X,02 +-^X,12(-D)y 
(a) There exist natural isomorphisms 
HlAX,D) 

— (-^X.Ol (■'^X .02 + ■^X,12(-0))) j (-^X.Ol ■'^X,02 + -^X.Ol ^ ■^X,12(^)) 

— (■^X,02 bl (Ax ,01 + '^X,12(-0))) j (-^X.Ol ^ ^X,02 + ■^X,02 bl A^ 22(^)) 

Proof. This is an arithmetic analogue of [PI]. Indeed, (i) comes directly from 
the definition, and via the first and second isomorphism theorems in elementary 
group theory, (ii) is obtained using a direct group theoretic calculation for our 
arithmetic adelic complex. 
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As mentioned above, the cohomology groups for the divisor D defined here 
coincide with the adelic global cohomology defined in §1.2.3 associated to the 
invertible sheaf Ox{D). That is, = Hl^{X,Ox{D)). In fact, our 

general construction in §1.2.3 for quasi-coherent sheaves over higher dimensional 
arithmetic varieties is obtained modeling our constructions for arithmetic curves 
and arithmetic surfaces. 

2.4.2 Inductive long exact sequences 
(V) Vertical Curves 

Just like the classical cohomology theory, arithmetic cohomology groups also 
admit an inductive structure related to vertical geometric curves on arithmetic 
surfaces. More precisely, we have the following 

Proposition 17. Let C he an irreducible vertical curve of X, then, for any D, 
we have the long exact sequence of cohomology groups 

0 ^H^iX, C) ^ H^iX, D + C)^ H^iC, (D + C)\c) 

D) —S- D + C) ^ HI^{C, {D + C)\c) 

^ Hl{X, D) ^ Hl{X, D + C)^t). 

Here (D + C)|c'), t = 0,1 are the usual cohomology groups for vertical 

geometric curves. 

Proof. For C be an irreducible vertical curve in X. Then from definition, one 
calculates that 

(a) Xx^i 2 {D + C)/Ax^i 2 iD) = A^";^ 2 (-D + C')Mx!i 2 (^) ® {0} = -^c.oi ® {0}. 

(b) Ax i{D + C)/Ax i{D) = k{C) as there are neither changes along horizontal 
curves nor along Xp. 

(c) A-l^{D + C)/A-l^iD) 


= + C)/A|" 2 pfi„) © {0} = Ac((iJfi„ + C)\c) © {0}. 

Consequently, for the morphism 

A-l,{D + C)/A-l,{D)®A-l^{D + C)/A-l,iD) A A-^P + C)/A-l,^{D), 

{x,y) x-y, 

we conclude that 

(d) Ker <j) is given by 

+ C)/A^l,{D)) n (^A^l^iD + C)/A^l 2 iD)) = (D + C)\c), 

(e) Coker (f is given by 

(a^I, 2{D + C)/A^l,,iD))/(A^l,2iD + C)/A^l,^{D) + A’ff^,2{D + C)/A^l,^{D)) 
=Hl{C, {D + C)\c). 
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Therefore, by definition, we have the long exact sequence 


0 C) ^ D + C)^ Hl{C, (D + C)\c) 

^ D) ^ Hl{X, D + C)^ Hl{C, {D + C)\c) 

^ Hl{X, D) ^ Hl{X, D + C)^Q. 

This then completes the proof. 

(H) Horizontal Curves 

For horizontal curve Ep corresponding to an algebraic point P of Xp, we 
have 

(a) + Ep)/A-l,^iD) 

® ^XpiDp + P)/Axp{Df) (g)Q R 

='A£;p,oi © k{Ep) (g)Q R = 

(b) + Ep )/= k{Ep), diagonally embedded in 

+ Ap)/A^";^(Dfin) © AxpiDp + P)/Kxp{Dp) ©q R; 

(c) + Ep)/A-l^{D) 

= Aep + Ep)\ep) © H°{Xf, Df + Ep) © R/i/°(Xp, Dp) ® R. 

Similarly, we have the corresponding morphism 

A^l,{D + Ep)/A^l,{D) © A-l^{D + Ep)/A-l^{D) ^ A^l,^{D + Ep)/A^l,^{D) 

{x,y) ^ x-y, 

and hence obtain the following proposition in parallel. 

Proposition 18. Let Ep be the horizontal curve Ep corresponding to an alge¬ 
braic point P of Xp, then, for any D, We have the long exact seguence 

0 ^Hl{X, Ep) ^ Hl{X, D + Ep)^ Ker g, 

Hl^{X, D) Hl^{X, D + Ep)^ Coker 
^ HliX, D) ^ HliX, D + Ep)^ 0. 

However, unlike for vertical curves, we do not have the group isomorphisms 
between Kenp, resp. Coker(p, and E['f^{Ep, [D + Ep)\ep), resp. E[l^{Ep, [D + 
Ep)\ep)- This is in fact not surprising: different from vertical curves, for the 
arithmetic cohomology, there is no simple additive law with respect to horizontal 
curves when count these arithmetic groups: In Arakelov theory, we only have 

Xar(A, D + Ep)= Xar(X, D) + x^Ep, {D + Ep)\ep) - ^dx^E) (6) 

with discrepancy —^d\{E) resulting from Green’s functions. (See e.g., [L, 
P-114].) 
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On the other hand, recall that, on generic fiber Xp^ we have the long exact 
sequence of cohomology groups 

0 Dp) H^{Xp, Dp + P)^ Oxp p + P)|p ^ Q ^ 0 

(with Q defined by 0 —^ Q —5- H^{Xp, Dp) —> H^{Xp, Dp + P) —> 0), 

(7) 

and that, in Arakelov theory, see e.g., [L, VI, particularly, p.l40], what really 
used is the much rough version \{Dp + P) ~ X{Dp) ® Oxp{D + P)\p where 
A denotes the Grothendieck-Mumford determinant. One checks that the exact 
sequence (6) does appear in our calculation above. Indeed, for curve XpjF, 

H^iXp, Dp) = k{Xp)r\AxpiDp) & P[^{Xp,Dp) = Axp/k{Xp)+Kxp{Dp). 

Consequently, (7) is equivalent to the exact sequence 

Q ^ H\Xp,Dp + P)lH\Xp,Dp) ^ Kxp{Dp + P)IAxp{Dp) ^ Q ^ Q 

0 ^ g ^ H^{Xp, Dp) H^{Xp, Dp + P)^ 0. 

(Note that Axp{Dp + P)/Axp{Dp) is supported only on P.) Clearly, all this 
can be read from the calculations in (a,b,c) and the morphism ip above. So our 
construction offers a much more refined structure topologically. 

2.4.3 Duality of cohomology groups 

Let TT : V —> Spec Op be an arithmetic surface defined over the ring of integers 
of a number field F. Then we have the adelic space A^, its level two subspaces 
Ag 2 Af 2 (P), and hence the cohomology groups H1^{X,Ox{D)) asso¬ 
ciated to a Weil divisor D on X. Moreover, there is a natural ind-pro structure 
on A^ 

A" = lim lim Axx 2 {D) / Ax,i 2 {E). 

—vD i — E'.E^D 

Note that Ax 42 (P)/Ax,i 2 (P)’s are locally compact topological spaces. Conse¬ 
quently, as explained in §3, the next section, induced from the projective limit, 
we get a natural final topology on Ax,i 2 (P) = lim Ax, 12 (p)/Ax,i2(p); 

< — E:E^D 

similarly, induced from the inductive limit, we get a natural initial topology on 
Ax = lin^ Ax.i 2 (P)- Moreover, by Theorem II, we know that all three level 

two subspaces Agj, Ag 2 and Af 2 (P) are closed in A^. Consequently, we obtain 
natural topological structures on arithmetic cohomology groups i7*j.(A, OxiD)) 
induced from the canonical topology of A“. Our main theorem here is the fol¬ 
lowing 

Theorem 19. Let X be an arithmetic surface and D be a Weil divisor on X. 
Then as topological groups, we have natural isomorphisms 

H[^D)^Hlr{{u:)-D) * = 0 , 1 , 2 . 

Recall that, for a topology space T, its topological dual is defined by T := 
{(/) : T —>■ continuous} together with an compact-open topology. (See e.g., 
§3.1.1 for details.) 

This theorem is proved at the end of this paper, after we expose some basic 
structural results for the ind-pro topology on A^} in the next section. 
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3 Ind-Pro Topology in Dimension Two 


In this section, we establish some basic properties for ind-pro topologies on 
various adelic spaces associated to arithmetic surfaces. This may be viewed as 
a natural generalization of a well-known topological theory for one dimensional 
adeles (see e.g. [Iw], [T]). Our main result here is the following 


Theorem II. Let X be an arithmetic surface. Then with respect to the canonical 
ind-pro topology on A^, we have 

(1) Level two subspaces A“q2,A5Jq2 and closed in A^; 

(2) A^ is a Hausdorjf, complete, and compact oriented topological group; 

(3) A^ is self-dual. That is, as topological groups. 


Af 


— -“x- 


3.1 Ind-pro topologies on adelic spaces 

3.1.1 Ind-pro topological spaces and their duals 

To begin with, let us recall some basic topological constructions for inductive 
limits and projective limits of topological spaces. 

(1) Let {Gm}m be an inductive system of topological spaces, G := lim Gm 

—¥m 

with structure maps tm ■ Gm —t G. Then, the inductive topology on G is 
defined by assigning subsets [/ of G to be open, if is open in Gm for 

each m. Inductive topology is also called the final topology since it is the finest 
topology on G such that Lm ■ Gm —t G are continuous. 

(2) Let {G„}„ be a projective system of topological spaces, G := lim G„ with 

<—n 

structure maps 7r„ : G —>■ G„. Then, the projective topology on G is defined 
as the one generated by open subsets 7r“^({7„), where 17„ are open subsets of 
Gn. Projective topology is also called the initial topology since it is the coarsest 
topology on G such that 7r„ : G G„ are continuous. 

For a topological space T, denote by T := {f : T ^ continuous}. There 
is a natural compact-open topology on T, generated by open subsets of the 
form W{K, [/):={/ G T : f{K) C U}, where K CT are compact, 17 C are 
open. We call T the (topological) dual of T. 

For inductive and projective topologies, we have the following general results 
concerning their duals. 

Proposition 20. Let {Pn}n be a projective system of Hausdorjf topological 
groups with structural maps 7r„ ^ ■ Pn ^ Pm and 7r„ : lim Pn ^ Pn- Assume 

’ <—n 

that all TTn and TTn,m are surjective and open, and that for any n, n', there exists 
an n" such that n" < n and n” < n'. Then, as topological groups, 

lim Pn — lim P„ . 

<—n —>71 

Proof Denote by nn,m ■ Pm Pn, fm^fmO TTn.m, the dual of TTn.m : 
Pn —t Pm- Then, for an element lim /„ G lim P„ , we have Ttn,m{fm) = fn, or 

—>n — 

equivalently, fm ° T^n,m = fn- Hence, for an element x = lim Xn G lim P„, we 
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have fm{xm) = fm{T^n,m{xn)) = fn{xn) for Sufficiently small m, n. Based on 
this, we define a natural map 


ip : lim Pn 


lim Pn, lim /„ / 


where / : lim x = lim Xn fn{xn)- From the above discussion, / is 

i —n <—n 

well defined. Moreover, we have the following 

Lemma 21. (1) f is continuous. In particular, ip is well defined; 

(2) ip is a bijection; 

(3) (p is continuous; and 

(4) ip is open. 

Proof. (1) Let U be an open subset of S^. If a; = lim G f~^{U), fn{xn) G U 

<—n 

for sufficiently small n. In particular, x„ G /“^([/). On the other hand, 
since /„ is continuous, fif^fU) is open. So, lim fn^{U) is an open neigh- 

<—n 

borhood of a; = lim a;„. Note that /(lim /^^(C/)) = fnif^f^iU)) = U- Hence 

i—n <—n 

lim fn^iU) C f~^{U). Consequently, / is continuous, and hence (p is well de- 

<—n 

fined. 

(2) To prove that (p is injective, we assume that <p( lim g„) =: g = f. Thus 

—>n 

fn{xn) = gn(xn) for Sufficiently small n and for all x = lim G lim Note 

i—n i —n 

that TTn^m are surjective. So /n(a;„) = gn{xn) for all G P„. This means that 
fn = 9n for sufficiently small n. Consequently, lim /„ = lim gn, and hence ip 

—>n —>n 

is injective. 

To show that ip is surjective, let / : lim P„ —> be a continuous map. Then, 

<—n 

for any open subset U C containing I, f~^{U) is an open neighborhood of 
0 in lim P„. Hence, we may write f~^{U) as f~^{U) = lim n TT Kn where 

i —n i —n ^ 

OL 

Kn C Pn are open subsets and Kn = Pn for almost all n. By assumptions, for 
ni,... ,nr such that Km = Pm, there exists an N such that N < Ui. Then, 
/(KerTTjv) = 1. So, /(Ker7r„) = 1 for all n < N. Built on this, we define, 
for n > N, the maps fn '■ Pn ^ i-G f{x) if 7r„(a;) = x„. Note that f{x) 

always make sense, since 7r„ : lim P„ Pn is surjective. Moreover, /„’s are well 

<—n 

defined. Indeed, if j/ G lim P„ such that 7r„(j/) = then 7r„(j/) = Xn = Trn(x) 

<—n 

for n < N. Hence x — y G Ker7r„. This implies that f{y) = f{x). Clearly, by 
definition, ip{ lim fn) = f. So ip is surjective. 

—>-n 

(3) and (4) are direct consequences of the bijectivity of ip. Indeed, to prove 
that ip is continuous, it suffices to show that for open subsets of lim P„ in the 

<—n 

form il = W{K, V), is open in lim P„ , where P is a compact subset of 

- V7l 

lim Pn and V is an open subset of S^. Since 7r„ are continuous, Kn = 7r„(iF) are 

<—n 

compact. In this way, we get a inductive system of open subsets {W{Kn, V)}n. 
Set U = lim W{Kn,V). Note that, by the bijectivity of ip, f{U) = if. This 

—vn 

shows that / is continuous. 

To prove ip is open, let U be an open subset of lim P„ such that {W{Kn, V)) = 
Ln^{U) for a compact subset Kn of P„ for any n. K := lim<_„ Kn is compact 
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in lim P„. Consequently, W{K, 0) is open in lim Note that, from the bijec- 

i - n -4 - 71 

tivity of (p, we have (p{ lim W{Kn, V)) = W{K, V). So p is open. This proves 

—vn 

the lemma and hence also the proposition. 


Next we treat inductive systems. By definition, an inductive system {Dn}n 
of Hausdorff topological groups is called compact oriented, if for any compact 
subset K C lim £>„, there exists an index no such that K C Dn^. 

—vn 

Proposition 22. Let {!?„}„ be a compact oriented inductive system of Haus¬ 
dorff topological groups with structural maps : Dn —>■ lim £>„ and 6„ n' ■ Dn —t 

—vn ’ 

Dn'. Assume that Ln,n' are injective and closed, and that, for any n, n', there 
exists an n" such that n" > n and n" > n'. Then, as topological groups, 

lim Dn — lim Dn ■ 


Proof. To start with, we define a map 

ip : lim Dn —> lim £)„, lim /„ / 

< - 71 - >71 < - 71 

where / : lim Dn —t lim i—)■ fn{xn)- 

- >71 - >71 

Lemma 23. (1) f is well defined and continuous. In particular, ip is well 
defined. 

(2) Ip is a bijection; 

(3) Ip is continuous; and 

(4) Ip is open. 


Proof. (1) Note that for n < n', fn = fn' ° and = Ln,n'{xn). Con¬ 
sequently, f„{Xn) = fn' O l-n,n'ixn) = /n'(tn.n'(a;„)) = fn'{Xn') for Sufficiently 
large n <n'. So / is well defined. 

To prove that / is continuous, let U C E>^ he an open subset and take 
lim Xn € f~^{U). By definition, Xn € fn^{U) =: Un and are open. Hence 

- >71 

if := lim Un is open and x = lim Xn € it. Moreover, /(it) C U. So / s contin- 

- >71 - >71 

uous. 

(2) Assume that ip{ lim fn) = / = 0. Then, for any x = lim a;„, f{x) = 0. 

< - 71 - >71 

This means that for all n, and Xn € Dn, fn{xn) = fix) = 0 where x is deter¬ 
mined by the condition that for all n' > n, = Ln.n'Xn- (Since are injective, 
this is possible.) Thus /« = 0 and hence lim /„ = 0. 

< - 71 

For any / G lim £>„ , let /„ = / o Clearly, /„ is continuous. 

•4 - 71 

So fn G Dn. Moreover, for all n' > n, /„ = / o 6„ = / o o „/ = /„/ o 
That is, {fn}n forms a projective limit. Obviously, ipi lim fn) = f. 

< - 71 

(3) This is rather involved: not only the just proved bijectivity of ip, but all 
assumptions for our injective system are used here. Let il = W{K, V) be an open 
subset of lim Dn, where K C lim Z)„ is compact and V is an open subset of 

- >71 - >71 

By assumptions, for any n', is closed. Hence C lim £>„ are closed. 

- >71 
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So Kn := K r\ Dn are compact. If lim /„ is an element in ip ^(il) C lim £>„, 

<—n —>n 

we have /„ G W{Kn,V), and lim /„ G lim W{Kn,V) = 'ip~^(W{K,V)). So it 

<—n <—n 

suffices to show that lim W{Kn,V) is open. This is a direct consequence of 

<—n 

our assumptions. Indeed, since our inductive system if compact oriented, there 
exists a certain no such that K = lim Kn C Dno- Hence, Kn = Kn^ = K for 

—>n 

all n > no. lim W{Kn,V) = 7r“^(IT(it'„o, H)). Hence, lim W{Kn,V) is open. 
(4) This is a direct consequence of the bijectivity of ^/>. Indeed, let it C lim £)„ 

<—n 

be an open subset. By dehnition, without loss of generality, we may assume 
that there exists an n and an open subset W{Kn,V) of Dn such that it = 
7 r“^(IT {Kn, V)). Since Kn is a compact subset of Dn and £)„ is closed in lim £)„, 

—¥n 

Kn is compact in lim £)„. On the other hand, V’(^) = '^{'^n^ {W {KmV))) = 

—vn 

W{Kn, V). So ’ipiil) is open in lim £>„. This proves the lemma and hence also 

—>n 

the proposition. 


3.1.2 Adelic spaces and their ind-pro topologies 

Let X be an arithmetic surface. For a complete flag (A, C, x) on X (with C 
an irreducible curve on X and x a close point on C), let k{X)c,x its associated 
local ring. By Theorem I, k{X)c,x is a direct sum of two dimensional local 
fields. Denote by {'Kc,tx,c) a local parameter defined by the flag C of X, and 
fix a Madunts-Zhukov lifting ([MZ]) 


he = {Kc,tx,c) ■ ^ 0 , 01 -^ ^^^C,x/TrcW 


x:xGC 


^x:x^C 


Then, following Parshin, see e.g.. Example 2, 

>«»= ax ,„.2 = n ' MVjc ,. := 




xec 


c 


:= ( E ^c(a.,)4")^Gn n 


C x:x£C 


ttip G Ac,01, 

aic = 0 (fc < 0); 

D minjzc : 7 ^ 0} > 0 (V'C) 


This gives the finite adelic space for X. Moreover, from Parshin-Osipov, see 
e.g., Dehnition 5, we have the inhnite adelic space A“ := Ajf^O qM, and hence 
the total arithmetic adelic space for the arithmetic surface X: 

A“ := A^'' © A“. 

Moreover, there are natural ind-pro structures on A^, A“ and hence on A^J, 
since 

A^" = lim lim Ax.i 2 (D)/Ajf, 12 (A), 

— < — E'.E'^D 

A“ = lim lim Axp,i{D)/A xp,i{E)§iqR. 

— < — E'.E'^E 

Consequently, induced from the locally compact (Hausdorff) topologies on spaces 
Ax, 12 {E)/Ax,i 2 {E) and Axf,i{D)/Axp,i{E)®qR, we get canonical ind-pro 
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topologies on A“, and hence on A^, which can be easily seen to be Haus- 
dorff. For example, by [MZ], a fundamental system of open neighborhood of 0 
in A|" is given by 

f oo G Ui^ C Ac _oi open subgroup ^ 

I ( ^ /^c(a^c)V^)ceA|:": C/ic=Ac.oiVzc»0 . (8) 

I ic=-oo minjzc : = Ac, 01 } < 0 (V'C) ^ 

We have a similar descriptions for A“. However, while, with respect to these 
canonical topologies, A^, A“, and are additive topological groups, they are 
not topological rings. That is, the multiplication operations are not continuous 
for these spaces. Still, in §3.2.1, we will prove the following very useful 

Proposition 24. For a fixed a G A”, the sealar product by a, namely, the map 
A^ ^ continuous. 

Remark. This result can be used to establish a similar result for two dimensional 
local fields. Indeed, since If fc(X)ca:=lim lim Ax i 2 {nC) / Ax,i 2 {mC), 

as a subspace of A*^ = lim lim Ax i 2 {D)/Ax 12 (E), there is a natural 

— >D< — E-.E<D ’ \ / 

ind-pro topology on k{X)c,x, induced from the ind-pro topology on Ax, 012 - Sim¬ 
ilarly, for a two dimensional local field F, we have F = lim lim m^" 

where me denotes the maximal ideal of F. So from the natural locally compact 
topologies on the quotient spaces we obtain yet another ind-pro 

topology on F, and hence on k(X)c,x, since k(X)c,x is also a direct sum of 
two dimensional local fields. Induced from the same roots of locally compact 
topology on one-dimensional local fields, these two topologies on k{X)c,x are 
equivalent. This, with the above proposition, then proves the following 

Corollary 25. For a fixed ac,x G k(X)c,x, the scalar product by ac,x, namely, 

the map k(X)c,x k{X)c,x, « '—>■ clc.xOi is continuous. In particular, the 
scalar product of a fixed element on a two dimensional local field is continuous. 

We will use this result in an on-going work to prove that, with respect 
to the canonical ind-pro topology, two dimensional local fields are self-dual as 
topological groups. 

3.1.3 Adelic spaces are complete 

In this section, we show that adelic spaces A^ and A“ are complete. For basics 
of complete topological groups, please refer to [Bo] and [Gj. We begin with 

Proposition 26. The subspaces Ax,i 2 (C') C A^ and Axp,i{D) C A“, and 
the level two subspace A“gj^, A5Jq2 and A^ 12 (D) of A^ are complete and hence 
closed. 

Proof. As our proof below works for all other types as well, we only treat 
Ax,12(C') C A^ to demonstrate. Since Ax,i2(£*)/Ax,i2(A)’s are finite dimen¬ 
sional vector spaces over one dimensional local field, which is locally compact, 
so they are complete. Consequently, as a projective limit of complete spaces. 
Ax, 12 (D) = lim Ax, 12 (D)/ Ax, 12 (E) is complete. It is also closed since 

— E:E^D 

Ax ,012 is Hausdorff. 
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Proposition 27. For an arithmetic surface X, its associated adelic spaces 
and A“ are complete. 

Proof. We will give a uniform proof for both finite and infinite cases. For 
this reason, we use simply A to denote both A^ and A“, and A{D) for both 
Ax, 12 ( 0 ) and Ajfj,.(D)(8)Q]R. Clearly, it suffices to prove the following 

Lemma 28. For a strictly increasing sequence {A(D„)}„ in A, lim A{Dn) is 

— 

complete. 

Proof. Let {o„}„ be a Cauchy sequence of lim A{Dn). We will show that these 

—¥n 

exists a divisor D such that {a„}„ C A{D). Assume that, on the contrary, for 
all divisors D, {a„}„ A{D). We claim that then there exists a subsequence 

Wk„}n of {a„}, a (strictly increasing) subsequence {Dk„}n of {!?„}„, and an 
open neighborhood U of 0 in lim A(D„) such that (i) ak„ G A{Dk„)\A{Dk„_i) 

—>n 

for all n > 2; (ii) Ofci,..., afc„, • • • ^ U and (hi) ... ,afe„, • • • ^ U + 

A{Di), i > 1. If so, since Ok^ ^ U + A{Dm) and ak„ G A{Dm), for any 
n > m, ak„ — Ok,^ ^ U. So, {ak„}n is not a Cauchy sequence of lim A(£)„). a 

—>n 

contradiction. Therefore, there exists a divisor D such that {a„}„ C A{D). By 
Proposition 26, A{D) is complete. So the Cauchy sequence {a„}„ is convergent 
in A{D) and hence in lim A{Dn) as well. 

—yn 

To prove the claim, we select {afe„}n and the corresponding Dkjs as follows. 
We begin with = ai. Being an element of A, there always a divisor Dk^ 
such that Oki G A{Dkf). Since for all D, {a„}„ A{D), there exists ^2 and a 

divisor Dk^ such that Dk 2 > F>ki and Uk^ G A{Dk 2 ) — A{Dki). By repeating 
this process, we obtain a subsequence {ak„}n of {un}, a (strictly increasing) 
subsequence {Dk„}n of {Dn}n such that (i) above holds. Hence to verify the 
above claim, it suffices to find an open subset U satisfying the conditons (ii) 
and (iii) above. This is the contents of the following 

Sublemma 29. Let {A{Dn)}n be 0 , strictly increasing sequence and {a„}„ he a 
sequence of elements of A. Assume that an G A{Dn) — A{Dn-i) for all n > 1. 
Then there exists an open subset U of lim A{Dn) such that oi,..., a„, ■ ■ • ^ U 

—>-n 

and Om+i,.. ■ ,an, ■ ■ • ^ U + A{Dm) for all m < n. 

Proof. We separate the finite and infinite adeles. 

Finite Adeles Since A{Di)/A{Dq) is Hausdorff, there exists an open, and 
hence closed, subgroup Ui C A{Di) such that oi ^ Ui and Ui D A{Dq). Since 
A{Di) is complete and Ui is closed in A{Di), Ui is complete as well. Now, 
viewing in ^(£> 2 ), since ^(£> 2 ) is Hausdorff, Ui is a complete subspace, so 
Ui is closed in ^(£> 2 ). Hence A{D 2 )/Ui is Hausdorff too. Therefore, there 
exists an open and hence closed subgroup V 2 ,o of ^(£> 2 ) such that 01,02 ^ 
14,0 and V 2 ,o A Ui. In addition, A{D 2 )/A{Di) is Hausdorff, there exists an 
open subgroup V 2 ,i such that 02 ^ V 2 ,i and V 2 ,i A ^(£> 2 ). Consequently, 
if we set U 2 = V 2 ,o C V 2 ,i, U 2 is an open hence closed subgroup of ^(£> 2 ) 
such that 0 i ,02 ^ U 2 , 02 ^ U 2 + A{Di) and U 2 A Ui. So, inductively, 
we may assume that there exists an increasing sequence of open subgroups 
Ui,...,Un-i satisfying the properties required. In particular, the following 
quotient spaces A(£)„)/{7„_i + A{Do)( = A(£)„)/C/„_i),..., A(£)„)/C/„_i + 
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A{Dm), ■ ■., A{Dn)/Un-i+A{Dn-i){ = A{Dn)/A{Dn-i)) are Hausdorff. Hence, 
there are open subgroups Vn,m, 0 < m < n—1 of A{Dn) such that Qm+i ,..., a„ ^ 
Vn,m and Vn,m A Un-i+A{Djn)- Define [/„ := Then C/„ is an open 

subgroup of A{Dn) satisfying oi,..., a„ ^ C/„, 0 ^+ 1 ,..., a„ ^ Un + A{Dm), 1 < 
TO < n—1 and [/„ D Un-i- Accordingly, if we let U = lim Un, by definition, U is 

—yn 

an open subgroup of lim A(_D„), and from our construction, oi,..., a„, ■ ■ ■ ^ U 

—yn 

and Qm+i ,..., a„, • • • ^ 17 + A{Dm), to > 1. 

Infinite Adeles Since A{Di) is Hausdorff, there exists an open subset Ui of 
A(_Di) such that oi ^ A{Di). Moreover, since A{D 2 ) — A{D 2 )/A{Di) ® A{Di) 
and A{D 2 )/A{Di) is Hausdorff, there exists an open subset U 2 of A{D 2 ) such 
that 01,02 ^ U 2 and U 2 n A{Di) = Ui. In particular, 02 ^ U 2 + A{Di). 
Similarly, as above, with an inductive process, based on the fact that A{Dn) — 
A(Dn)/A{Dn-i) ®A{Dn-i) and A(Dn)/A{Dn-i) is Hausdorff, there exists an 
open subset 17„ of A{Dn) such that oi,... ,o„ ^ 17„ and t/„ fl A(_D„) = Un-i- 
Consequently, Om+i, ■ ■ ■ ,an ^ Un + A(Dm), l<TO<n — 1. In this way, we 
obtain an infinite increasing sequence of open subsets Un- Let U = lim Un- 

—>n 

Then by definition U is an open subset of lim A{Dn) satisfying oi,..., o„, • • • ^ 

—>n 

U and Om+i, ■ • ■, o„, • - • ^ U A{Dm), to > 1. This then proves the sublemma, 
the lemma and hence also the proposition. 

3.1.4 Adelic spaces are compact oriented 

In this section, we show that adelic spaces and A“ are compact oriented. 

Proposition 30. For an arithmetic surface X, its associated adelic spaces A^ 
and A“ are compact oriented. That is to say, for any compact subgroup, resp. 
a compact subset, K in A^'’, resp. A“, there exists a divisor D on X, resp., on 
Xp, such that K C Kx.i 2 {D), resp., K C Axf{D). 

Proof. We treat both finite and infinite places simultaneously. Assume that for 
all divisors D, K (f. A{D). Fix a suitable Dq. By our assumption, K (f A{Dq). 
Since A is Hausdorff and A{Dq) is closed, there exists a certain divisor Di 
and an element oi G K, such that Di > Dq, ui G A{Di)\A{Do). Similarly, 
since A{Di) is closed, KjA{Do) is Hausdorff, we can find an open subgroup 
U[ C KjA{D q) such that oi + A{Dq) (f KjA{D q). Consequently, there exists 
an open subgroup Ui of A such that oi ^ Ui and Ui A A{Do). Now use (Di, A) 
instead of (i7o,A), by repeating the above construction, we can find a divisor 
D 2 , an open subgroup U 2 C A and an element 02 G K Ci (^A{D 2 )\A{Di)) such 
that D 2 > Di, 02 ^ U 2 , U 2 A Ui. In this way, we obtain a sequence of divisors 
Dn, a sequence of elements a„ G An (A(ZI„)\A(i7„_i)) and a sequence of open 
subgroups Un such that Da > Dn-i, «« ^ C/„, [/„ A Un-i- Let U = lim [/„. 

—vn 

Then U is an open, and hence closed, subgroup of A. Consequently, K AU is 
compact. This is a contradiction. Indeed, since oi,... ,a„ ^ Un for all n, the 
open covering {[/„}„ of A n H admits no finite sub-covering. This completes 
the proof. 

3.1.5 Double dual of adelic spaces 

We here prove the following 
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Proposition 31. As topological groups, we have 

~ _^lim_^^(^Axp{D)/Axp{E)§)Q]yj 

and 

(^]^Ax,12{D)j ^ ^1^ (^Ax.12(£>)) , 

(^2^ (Ajfp(£))§Q]R)^ ~ ^^(^Axf( 


where, Axp 

In particular. 


:= lim 
<— E-.E<D 


{> 


^Xf 


Xf 


E<D 

2::^ {^Xf (D) / Axf (£^)SqM^ . 

E<D 

Proof. We apply Proposition 20, resp. Proposition 22, to prove the first, resp., 
the second, pairs of homeomorphisms. We need to check the conditions there. 

As above, we treat finite adeles and infinite adeles simultaneously. So we 
use A and A{D) as in §3.1.3. Then A{D) = lim A{D)/A{E). Now, for 

< — E'.E'^D 

E < E', ed/e, DIE' ■■ A{D)/A{E) ^ A{D)/A{E') is the natural quotient map. 
So edie,die' are surjective and open. Similarly, ed,die • ^(-D) A{D)/A{E) 
are surjective and open. So, by Proposition 20, we get the first group of two 
homeomorphisms for topological groups. 

To treat the second group, recall that A{D)/A{E) are complete. So, their 
projective limits A(Il)’s are complete. This implies that A{D) are closed in A, 
since A is Hausdorff. On the other hand, for D < D', Ax, 12 ( 0 ) C Ax,i2(£*0- 
So the structural maps ld,d' ■ E{D) A{D') and l : A{D) A are injective 
and closed. Thus, by Proposition 22, it suffices to show that the inductive 
system {A{D)}d is compact oriented. This is simply the contents of §3.1.3-4. 
All this then completes our proof, since the last two homeomorphisms are direct 
consequences of previous four. 

Corollary 32. As topological groups. 


Ajf ~A^", 




~ A°° 

— ^X ) 


and hence 


“"x — ^x- 


Proof. Since A{D)/A{E) are locally compact and hence they are self dual. Thus, 
to prove this double dual properties for our spaces, it suffices to check the con¬ 
ditions listed in Proposition 22 for inductive systems { lim A{D)/ A{E)}e 

— ^E:E^E 

and in Proposition 20 for the projective system {A{D)}d. With the above 
lengthy discussions, all this now becomes rather routine. For example, to verify 
that A is Hausdorff, we only need to recall that is compact. Still, as careful 
examinations would help understand the essences of our proof above, we suggest 
ambitious readers to supply omitted details. 
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3.2 Adelic spaces and their duals 

3.2.1 Continuity of scalar products 

We here show that Proposition 24, namely, the scalar product maps on adelic 
spaces are continuous, even adelic spaces are not topological rings. 

Proposition 24. For a fixed element a of A^, resp. o/A“, the induced scalar 
product map: A^, resp., (/)“ : A“ A“, is continuous. 


Proof. If a = 0, there is nothing to prove. Assume, from now on, that 

OO 

a = (ac)c= ( ^ ^c(aic)^^)c G A^ ^ 0. Here, for each C, we assume 
ic=ic ,0 

that g 7 ^ 0. To prove that ipa is continuous, by our description ( 8 ) of 
the ind-pro topology on A^, it suffices to show that for an open subgroup 

OO OO 

U = {Uc)c= { ^c{^c,iiDjc))Trc + hc{Ac,oi)TT"c) nA^, as an 

jc — -oo jc—rc 

open neighborhood of 0, its inverse image contains an open subgroup. 

For later use, set Ic '■= rc — icp- 

OO 

Let b = {hc)c = ( ^ hc{bkc)T^cf)c ^ Then, for each 

kc — — oo 
OO OO 

fixed C, acbc = E ( E hc{aic)hc{bic-ic))'^^c ■ hecall that he is the 

lc — — oo ic—ic ,0 

lifting map he : Ac,or - Oe,x/Trc JJ" de,x- Thus if 

x:x^C x-.x^C x:xGC 

OO 

bkc € Ac, 01 , we always have he{aic)heibic-ic) G ^ he{Ae,oi)TTe^ . More- 

mc—0 

over, if we write, as we can, Ui^ € Ac,i(Fi^), bkc ^ ^cpiEke) some divisors 

OO 

Fic pud Eke, behave heiaic)heibic-ic) ^ E + Eic-ic))'^c'^ ■ 

mc—0 

Now write be = ( )^c{bkc)'^c^ ■ We will construct the 
required open subgroup according to the range of the degree index ke- 

OO 

(i) If&ce( ^ /ic(Ac,oi)7I‘c^) n ( k{X)e,x),^e have aebe &Ue; 

kc—Ic x-.x^C 

(ii) To extend the range including also the degree /c — 1, choose a divisor Ejc-i 
such that he{Aep{Fic^o + Ejc-i)) C /ic(Ac,i(dire-i))- Then, if we choose 

OO 

be&{he{^c,iiEic-i)T^c~^+ E ^(^(^CbOxc^) n ( fc(A)c,a;), wealso 

kc—Ic x-.x^C 

have aebe & Ue; 


(iii) Similarly, to extend the range including the degree le — 2, choose a divisor 
Eic -2 such that he{Aep{Fic^o+Ejc- 2 )) C /ic(Ac,i(d?rc-2))n/ic(Ac,i(dIrc-i)) 
and /ic(Ac,i(Aip, 0 - 1-1 + ^ 7 ^- 2 )) C /ic(Ac,i(dIrc-i))- Then, if we choose be € 

/c —1 OO 

( E he{Aep{Ekc)TT’c + E ^c(^C',oi)7rc‘^) n ( k{X)e,x), then we 

kc—Ic—‘^ kc—Ic x-.x^C 
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have acbc G Uc- 

Continuing this process repeatedly, we then obtain divisors such that, for 

/c — 1 OO 

bc&Vc-.= { Y. hc{kcAEkc)^c^ + Y hc{Ec,mVc^)r^{\{'k{X)c,.), 

kc — — oo kc—Ic x:x^C 

we have acbc G Uc- 

Since, for all but finitely many C, rc < 0 and ic,o > 0; or better, Ic = 
fc — icfi < 0. Therefore, from above discussions, we conclude that VcCA^ 
is an open subgroup of and adlc^C' H A^) C U. In particular, <pa is 
continuous. 

A similar proof works for (/)“. We leave details to the reader. 

3.2.2 Residue maps are continuous 

Fix a non-zero rational differential w on A. Then for an element a of A^", 
resp., A“, induced from the natural residue pairing we get a natural 

map := (»; •)<.^ : ^ resp., := (a, •)<^ : —5- R/Z. 

Lemma 33. Let a be a fix element in A^", resp., A“. Then the induced map 
:= (a, •)^ : A^'’ —> R/Z, resp., (/?“ := (a, •)^ : A“ —> R./Z, is continuous. 

In particular, the residue map on arithmetic adeles A^ is continuous. 

Proof. We prove only for as a similar proof works (/?“. Write A^ = 
nV: 2-dim F. And, for each local field F, fix an element tp oi F such that for 

local field 

equal characteristic field F, tp is a uniformizer of F, while for mixed char¬ 
acteristics field F, tp is a lift of a uniformizer of its residue field. Since, 
by Proposition 27, the scalar product is continuous, to prove the continuity 
of (a, •)^, it suffices to show that the residue map Res : A^" —)■ R/Z, x = 
(xp) I-5- ^pTesp{xp dtp) is continuous. (Note that, by the definition of A^'^, 
see, e.g., §3.1.2, the above summation is a finite sum.) Since the open subgroup 

(Z]i^=oo ^c(Ac.i(0))7r^ +Z]“o ^c(Ac,oi)7rc ) n A^'^ is contained, the kernel 
of the residue map is an open subgroup. This proves the lemma. 

3.2.3 Adelic spaces are self-dual 

We will treat both A^ and A“ simultaneously. So as before, we use A to 
represent them. 

Recall that, for a fixed a € A, the map (a, : A —> is continuous. 

Accordingly, we define a map cp : A ^ A, a := {a, •)^. 

Proposition 34. For the map p : A ^ A, a i-^ (/?a := (a, ■)u:, we have 

(1) p is continuous; 

(2) p is injective; 

(3) The image of p is dense; 

(4) p is open. 

Proof. (1) For an open subset W{K,U) of A, where AT is a compact sub¬ 
group, resp. a compact subset, of A, let U := p~^{W{K,Q)Y By Propo¬ 
sition 31, A = lim lim A{D)/A{E). So we may write xo := (1) as 
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lim lim Xd/e with Xd/e € A{D)/A{E). Accordingly, write A^/^ := 

i—D — vE'.E'^D 

A{D)/A{E), Kjy/E := AT n A{D)/K n A{E) and let Ud/e '■= {aD/E € Ajj/e '■ 
XDjE{o'DjEKD/E) = {0} resp. an open subset F}. Since, for a fixed divisor D, 
A{D) is closed in A, AT n A{D) is a subgroup, resp. a subset, of A{D). So, for 
E < D, K^jE is compact in A^jE- Consequently, from the non-degeneracy of 
XDjE on locally compact spaces, UujE is an open subgroup, resp., an open sub¬ 
set, of A, and U = lim lim Ue/e- We claim that U is open. Indeed, by 

4—D — >E:E^D 

Proposition 30, A is compact oriented. So, for compact K, there exists a divisor 
Di such that AT C A{Di). On the other hand, since xo is continuous, there 
exists a divisor D 2 such that A{Di -|- D 2 ) C Ker(xo)- Hence U D A(A> 2 )- Thus, 
for a fixed D, with respect to sufficiently small E < D, we have Ue/e = ^d/e- 
This verifies that U is open, and hence proves (1), since the topology of A is 
generated by the open subsets of the form W{K,0). 

(2) is a direct consequence of the non-degeneracy of the residue pairing. So 
we have (2). 

^ ' 

To prove (3), we use the fact that A ~ A , where, for a G A, is given 
hy tpa '■ A —>• X i-> x(a). Thus to show that the image of (p is dense, it 
suffices to show that the annihilator subgroup Ann(im((/?)) of Im((/9) is zero. 
Let then x G Ann(lm((/?)) be an annihilator of Im((/3). Then, by definition, 
{0} = V’x({t/5a : a € A}) = {(/?a(x) : a G A}. That is to say, (a,x)(^ = 0 for all 
a G A}. But the residue pairing is non-degenerate. So, x = 0. 

(4) This is the dual of (2). Indeed, let [/ C A be an open subgroup, resp. 
an open subset, of A. Then U fl A{D) is open in A{D). Since A{D) is closed, 
Ue/e '■= U A[D)jU n A{E) is open in Ae/e- This, together with the fact 
that Xd/e is non-degenerate on its locally compact base space, implies that 
Ke/e '■= {(^d/e G Ae/e '■ XD/siaE/E ■ Ue/e) = {0} resp. an open subset V) 
is a compact subset, resp. a compact subset. Let AT := lim lim Kry/E- 

—>D i — E-.E<D ' 

Since U is open, there exists a divisor E such that A{E) C U. This implies that 
there exists a divisor D such that K C A{D). Otherwise, assume that, for any 
D, K A{D). Then, there exists an element k G K such that k ^ A{(jj) — E). 
Hence we have x{^ ' A(A)) ^ {0}, a contradiction. This then completes the 
proof of (4), and hence the proposition. 

We end this long discussions on ind-pro topology over adelic space A^ with 
the following main theorem. 

Theorem 35. Let X he an arithmetic surface. Then, as topological groups, 

^A^~A|" and A^ ~ A^^. In particular, ^A^ ~ A^^L 

Proof. With all the preparations above, this now becomes rather direct. Indeed, 
by Proposition 34, we have an injective continuous open morphism p : A ^ A. 
So it suffices to show that p is surjective. But this is a direct consequence of 
the fact that p is dense, since both A and A are complete and Hausdorff. This 
proves the theorem and hence also Theorem H. 


40 



3.2.4 Proof of cohomological duality 

Now we are ready to prove Theorem 19, or the same Theorem III, for the 
duality of cohomology groups. Recall that for a non-zero rational differential w, 
by Proposition 12, we have a non-degenerate residue pairing 

{•,•).: X ^ 

Moreover, by Theorem II just proved, we obtain a natural homeomorphism of 
topological groups 

A^J ~ A^ , a I—(a, 

This, with a well-known argument which we omit, implies the following 

Lemma 36. With respect to the non-degenerate pairing (•, •) on A^J, we have 
(i) If Wi and W 2 are closed subgroups of A^, 

{Wi + ITa)-^ = n and {Wi n + W^; 


(a) If W is a closed subgroup of A^, then, algebraically and topologically, 

= w and IP - . 


With this, we can complete our proof, using Proposition 15 for perpendicular 
subspaces of our level two subspaces A^ A^ follows: 

(1) Topological duality between and 

Hl{X^) - D) + A^^,o2 + A5?,i2((w) - D)) ^ 

=Ax ,01 A5J q 2 n A’^x,12{^) — -f^ar(A’); 


(2) Topological duality among 


Hi 


,{X^-D)=(-^ 


A3?.o2n(A3,v+Af.i2(M-^)) 


ar p, Aar 
^X,01 ' ' ^X,02 




^X,01 


n A-02)^ n (A 3 ,P 2 n - d))^ 


(Af,o2)^ + (Af.01 + A3 ,^,i2((^) - D))^ 

(Af,oi + Af,02) n (A 3 ,P 2 + Af,i2(^)) 

Ax,02 + A^ 0^ n A“ ^2(-^) 

(A3cV + ^M02)nA-,2(^) 


^X,01 A“ ^2(-^) 


^X,02 •"I A“ ^2(-^) 




This then completes the proof of Theorem 111. 
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